The decomposition of global conformal invariants 
II: The Fefferman- Graham ambient metric and 
the nature of the decomposition. 

Spyros Alexakis* 

Abstract 

This is the second in a series of papers where we prove a conjecture of 
Deser and Schwimmer regarding the algebraic structure of "global confor- 
mal invariants" ; these are defined to be conformally invariant integrals of 
geometric scalars. The conjecture asserts that the integrand of any such 
integral can be expressed as a linear combination of a local conformal 
invariant, a divergence and of the Chern-Gauss-Bonnet integrand. 

The present paper addresses the hardest challenge in this series: It 
shows how to separate the local conformal invariant from the divergence 
term in the integrand; we make full use of the Fefferman-Graham ambient 
metric to construct the necessary local conformal invariants, as well as all 
the author's prior work [l] [S] |3] to construct the necessary divergences. 
This result combined with ^ completes the proof of the conjecture, sub- 
ject to establishing a purely algebraic result which is proven in [HI El E] • 
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1 Introduction. 

This is the second in a series of papers [31 [51 [51 [71 [S] where we prove a conjecture 
of Deser-Schwmimmer |15j regarding the algebraic structure of global conformal 
invariants. We recall that a global conformal invariant is an integral of a natural 
scalar- valued function of Riemannian metrics, J^^„ P{g)dVg, with the property 
that this integral remains invariant under conformal re-scalings of the underlying 
metric0 More precisely, P{g) is assumed to be a linear combination, P{g) = 
J2ieL o-iC'^{9)i where each C^{g) is a complete contraction in the form: 



here each factor V^™''i? stands for the m*'* iterated covariant derivative of the 
curvature tensor R. V is the Levi-Civita connection of the metric g and R is 
the curvature associated to this connection. The contractions are taken with 
respect to the quadratic form g^^ . In this series of papers we prove: 

Theorem 1.1 Assume that P{g) = '^i^i^ ciiC\g) , where each C^{g) is a com- 
plete contraction in the form with weight —n. Assume that for every 
closed Riemannian manifold {M",g) and every (j) G C°°(M").- 



Here W{g) stands for a local conformal invariant of weight —n (meaning that 
W{e^'^g) = e-"'^VF(5) for every (j) G C°°(A//");, div{r^(g) is the divergence of 
a Riemannian vector field of weight —n + 1, and PiaS{Rijki) is the Pfaffian of 
the curvature tensor. 

We recall from the introduction in [3] that this entire wok can be naturally 
subdivided into two parts: Part I, consisting of [3|, the present paper and [S] 
prove Theorem 11.11 subject to deriving certain purely algebraic propositions, 
namely the "main algebraic Proposition" 5.2 in [3j and Propositions I3.1i 13.21 in 

^See the introduction of [3] for a detailed discussion of the Deser-Schwimmer conjecture, 
and for background on scalar Riemannian invariants. 



(1.1) 




Then P{g) can then he expressed in the form: 



P{g) = W{g) + div,T\g) + Pfaff (i?,,feO- 
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the present paper. Part II, consisting of papers [71 [5] is devoted to proving 
these algebraic Propositions. 

In [3j we explained that our proof of Theorem II . 1 1 relied on a main inductive 
step which asserts that given a P{g) as in Theorem ll.il if the minimum number 
of factors among all complete contractions C^{g) in P{g) is a < then we 
can subtract a divergence and a local conformal invariant from P{g) so as to 
cancel out the terms with a factors in P{g), modulo introducing new terms 
cr + 1 factors. In conjunction with the results of [l]'2|, this main inductive step 
implies Theorem ll.il 

This main inductive step consists of two sub-steps, the Propositions 3.1, 
3.2 in section 3 in [3]. Proposition 3.1 was proven in [5] (subject to deriving 
the "main algebraic Proposition" 5.2 there). The present paper is devoted to 
proving the second (harder) Proposition 3.2. 

We state this second Proposition again, after recalling two main pieces of 
notation: 

Conventions: For any complete or partial contraction in a factors T^, . . . , 
an internal contraction is a pair of indices in a given 
factor which contract against each other. For each complete contraction in 
the form (|1.2p . 6w stands for the total number of internal contractions. Also, for 
each complete or partial contraction, its "length" will be its number of factors. 

Proposition 3.2 in [3] states: 

Proposition 1.1 Consider any P{g), P{g) = J2ieL '^i^'^id) where each C^g) 
has length > a, and each C^{g) of length a is in the /ormO 

conir(V(™i% ® ■ • • ® V^™")^/). (1.2) 

Assume that J^^„ P{g)dVg is a global conformal invariant. Denote by L„ <Z L 
the index set of terms with length a. 

We claim that there is a local conformal invariant W{g) of weight —n and 
also a vector field T^{g) as in the statement of Theorem \l.l\ so that: 

aiC'ig) - W{g) - div,T\g) = 0, (1.3) 

modulo complete contractions in the form of length > cr + 1 . 

Note: As explained in [3 , we prove this proposition for cr > 3. The special 
cases a = 1, cr = 2 are treated in section 2 in 

Digression: A general discussion on local conformal invariants. 

Since the present paper deals extensively with the issue of constructing local 
conformal invariants (as required in (jl.3p ). we digress slightly to discuss some 

■^See the first section in [I_ for a very rigorous definition of complete and partial contractions, 
below stands for the Weyl tensor {Wij^i if we write out the indices), the trace-free 
part of the curvature tensor. V('"'VF is the m*'' covariant derivative of the Weyl tensor. 
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background material regarding the history and known constructions of such 
invariants: 

The theory of local invariants of Riemannian structures (and indeed, of more 
general geometries, e.g. conformal, projective, or CR) has a long history. As 
stated above, the original foundations of this field were laid in the work of Her- 
mann Weyl and Elie Cartan, see [531 [13] . The task of writing out local invariants 
of a given geometry is intimately connected with understanding polynomials in a 
space of tensors with given symmetries, which remain invariant under the action 
of a Lie group. In particular, the problem of writing down all local Riemannian 
invariants reduces to understanding the invariants of the orthogonal group. 

In more recent times, a major program was laid out by C. Fefferman in [16j 
aimed at finding all local invariants in CR geometry. This was motivated by the 
problem of understanding the local invariants which appear in the asymptotic 
expansions of the Bergman and Szego kernels of CR manifolds, in a similar 
way to which Riemannian invariants appear in the asymptotic expansion of the 
heat kernel; the study of the local invariants in the singularities of these kernels 
led to important breakthroughs in [TT] and more recently by Hirachi in [50] ■ 
This program was later extended to conformal geometry in [17]. Both these 
geometries belong to a broader class of structures, the parabolic geometries; 
these admit a principal bundle with structure group a parabolic subgroup P of 
a semi-simple Lie group G, and a Cartan connection on that principle bundle 
(see the introduction in \12\). An important question in the study of these 
structures is the problem of constructing all their local invariants, which can be 
thought of as the natural, intrinsic scalars of these structures. 

In the context of conformal geometry, the first (modern) landmark in un- 
derstanding local conformal invariants was the work of Fefferman and Graham 
in 1985 [T7], where they introduced the ambient metric. This allows one to 
construct local conformal invariants of any order in odd dimensions, and up to 
order ^ in even dimensions. The question is then whether all invariants arise 
via this construction. 

The subsequent work of Bailey-Eastwood-Graham TT] proved that indeed 
in odd dimensions all conformal invariants arise via the Fefferman-Graham con- 
struction; in even dimensions, they proved that the same holds true when the 
weight in absolute value is bounded above by the dimension. The ambient met- 
ric construction in even dimensions was recently extended by Graham-Hirachi, 
[19] ; this enables them to then indentify in a satisfactory way all local conformal 
invariants even when the weight (in absolute value) exceeds the dimension. 

An alternative construction of local conformal invariants can be obtained 
via the tractor calculus introduced by Bailey-Eastwood-Gover in [lOj . This 
construction bears a strong resemblance to the Cartan conformal connection, 
and to the work of T.Y. Thomas, [52]. The tractor calculus has proven to be 
very universal; tractor buncles have been constructed [12] for an entire class of 
parabolic geometries. The relation betweeen the conformal tractor calculus and 
the Fefferman-Graham ambient metric construction has been elucidated in (13| . 

The present series of papers [3]-[8], while pertaining to the question above 
(given that it ultimately deals with the algebraic form of local Riemannian and 
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conformal invariants), nonetheless addresses a different type of problem: We 
here consider Riemannian invariants P{g) for which the integral P{g)dVg 
remains invariant under conformal changes of the underlying metric; we then 
seek to understand the possible algebraic form of the integrand P{g), ultimately 
proving that it can be de-composed in the way that Deser and Schwimmer 
asserted. It is thus not surprising that the prior work on the construction and 
understanding of local conformal invariants plays a central role in this endeavor, 
in the present paper and in [5]. 

On the other hand, our resolution of the Deser-Scwimmer conjecture will also 
rely heavily on a deeper understanding of the algebraic properties of the classical 
local Riemannian invariants. The fundamental theorem of invariant theory (see 
Theorem B.4 in [11] and also Theorem 2 in [1]) is used extensively throughout 
this series of papers. However, the most important algebraic tool on which our 
method relies are certain "main algebraic Propositions" presented in [3] and in 
the present paper. These are purely algebraic propositions that deal with local 
Riemannian invariants. While the author was led to these Propositions out of 
the strategy that he felt was necessary to solve the Deser- Schwimmer conjec- 
ture, they can be thought of as results with an independent interest. The proof 
of these Propositions, presented in [51 [71 [5] is in fact not particularily intuitive. 
It is the author's sincere hope that deeper insight will be obtained in the future 
as to why these algebraic Propositions hold. 

Local conformal invariants in our proof: The first half of this paper 
deals largely with the problem of identifying a local conformal invariant in 
P{g)- As explained in more detail in the "outline" below, we construct three 
different kinds of local conformal invariants, each of which will "cancel out" a 
particular kind of terms in P{g). The next challenge is to then cancel out the 
remaining piece in P{g)\„ := X^/ei ^.i^^id) by subtracting only a divergence of 
a vector field. As explained above, one has a powerful tool in the challenge of 
constructing local conformal invariants; this is the Fefferman-Graham ambient 
metric, [TTlfTB] . A note is in order here: The roughest simplification of P{g)\„ is 
to "cancel out" terms C^{g) in P{g) which do not involve internal contractions^ 
For many reasons, the use of local conformal invariants to cancel out these 
particular terms in P{g) is hardly surprising, in view (for example) of the proof 
of Proposition 3.2 in TTJ. However, we believe that the use of local conformal 
invariants for the next two "simplifications" of P{g) (in Lemmas ll.2[ II. 3p . is 
somewhat surprising: We prove that we can start with complete contractions 
in the form (|1.2p which do contain internal contractions, and cancel out certain 
particular terms in this form in P{g) by subtracting local conformal invariants 
and explicitly constructed divergences; we do this modulo introducing new terms 
which are "better" (from our point of view) than the terms we cancelled out. 
The construction of local conformal invariants for Lemmas II. 2[ 11.31 depends 

*I.e. we cancel out the terms in the form 111.21 1 which contain no factor V(™)Vy with two 
indices contracting against each other; we do this modulo introducing new terms in the form 
111.21 1 which do contain such internal contractions. This is the content of Lemma ll.ll 
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essentially on explicitly constructed divergences in the ambient metric^ and the 
subsequent of cancellations that occur in these constructions. 

I. 1 Outline of the argument. 

The proof of Proposition 11.11 addresses two main challenges: Firstly, how to 
separate the local conformal invariant "piece" W{g) in J2ieL ^i^''i9) from the 
divergence "piece" diViT^{g). Secondly, how to use the local equation (i.e. the 
"super divergegce formula" ) that we have derived in [T] regarding the conformal 
variation of P{g) to construct the divergence diviT^{g) needed in 11.31 

Our argument proceeds as follows: At a first step we explicitly construct a 
local conformal invariant W{g) and a divergence diviT^{g) such that: 

Y,aiC\9) = W{g) + div,T\g)+ ^ C\g), 

where the complete contractions C\g), I £ Lnew are in the form p.2p . but have 
certain additionnal algebraic properties. (See Lemmas II. 1[ [L^ 11.31 below). 

Thus, the first step reduces matters to proving Proposition 11.11 with 
SiGi„ '^i^\9) replaced by X]ieL„e„ ^^i^Kd)- step 2, we then revert to study- 
ing the new P{g) by focusing on the conformal variation Igi'f') and the super 
divergence formula for /g(0)El We prove that X]ieL„^„ o,iC {g) — diviT^{g), for 
some vector field T'^{g)- (This is proven in Lemma [L4] below). 

A few rermarks: It is not at all clear that the local conformal invariant we 
construct to prove p.3p is the unique local conformal invariant for which p.3p is 
true. It is also not clear that one cannot subtract further conformal invariants 
from X]zGi„cm '^'^'(5) ™ order to simplify it even further. At any rate, (as dis- 
cussed in section[2]) the local conformal invariants W{g) that one subtracts from 
P{g) in order to simplify it are all explicitly constructed using the Fefferman- 
Graham ambient metric, [T7l[TS]. Our construction is elaborate and relies on 
the study of linear combinations of complete contractions in the ambient metric 
with specific algebraic properties. It is also worth noting that the algebraic 
properties of the terms in X]iGL„em '^'■^''(d) precisely what is needed in order 
to prove (by the methods in section[2]) that J^ieL ^^i^^id) — diviT'^{g). 

We now discuss in more detail the two main steps in the proof of Proposition 

II. 11 First Step: We show (in Lemmas 11.11 11.21 11.31 below) that there exists a 
local conformal invariant W{g) and a divergence diViT^{g) so that: 



P{g) = W{g)+diu^T\g) + Y,afCH9)+ E ^J^'id), (1-4) 

f(EF Junk— Terms 



^These are local conformal invariants, by construction; they are (at least apriori) not 
divergences for the base metric g. 

•^Recall that := ^ |t=o[e"*'*P(e2*'*3)], J^^,, ll{<)>)dVg; we have then derived a useful 

local formula in [3], which we called the "super divergence formula". 
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where the terms indexed in Junk — Terms have at least a + 1 factors, while the 
terms indexed in F are in the form (|1.2p and have internal contractions in at 
least two different factors. 

The second step is to show that there exists another divergence diviT''^{g) 
so that (in the notation of (|1.4p '): 

Y,<^fC^\9)^dzv,T'\g)+ ^ a,C={g). (1.5) 

f^F Junk— Terms 

The above two sub-steps combined prove Proposition ll.il 

An outline of the proof of As explained, the proof of this step relies 

heavily on the ambient metric of Fefferman and Graham [17[ I18j . This is a 
strong tool that allows one to explicitly construct all local conformal invariants 
of weight —n in dimension n. By making detailed use of the precise form 
of the ambient metric (and in one instance of the super divergence formula), 
we are able to explicitly construct the local conformal invariant W{g) and the 
divergence diviT^{g) needed for (|1.4p . The "main algebraic Propositions" 13.11 
and 13.21 of the present paper are not used in deriving (|1.4p . 

An outline of the proof of H.5\) : (jl.Sp is proven by a new induction: At 
a rough level, the new induction can be described as follows: We denote by j 
the minimum number of internal contractions among the complete contractions 
indexed in F . Denote the corresponding index set by Fj C F . We then prove 
that we can write: 



Y,afCf{g) = div,T'\g)+ ^ afCf{g)+ ^ atC\g). (1.6) 

feFj f^F'.^-^ teJunk-Terms 

Here the terms indexed in Fj_^i are complete contractions in the form (jl.Sp with 
j + I internal contractions in total, of which at least two belong to different 
factors. 

Observe that (jl.Sp clearly follows by iterative application of (|1.6p FI 
Now, there are a number of difficulties in proving (jl.6p : 

How can one "recognize" the linear combination X]/eF ^f^^ id) (which ap- 
pears in P{g) ) in Ig{<j>) '■ We observe that in this setting, (f/') can be expressed 
as: 



/gi(0)= ^a^conir^(V("i'i?®---®V("<')i?(g)V(fV)+ a.fi\g), 

x^X j£ Junk — Terms 

(1.7) 



^This is because there can be at most ^ internal contractions in any non-zero complete 
contraction in the form lll.2| l with weight —n. 
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where the complete contractions indexed in X have cr + 1 factors in total, while 
'^jGJunk-Terms '^j^'' id) stands for a generic linear combination of complete 
contractions with at least a + 2 factors. We denote by {Ig{4>))-^^ the "piece" in 
Sxgx ■ ■ ■ "which consists of terms with a factor V0. 

Observe that (1^(0)) V0 can only arise from the terms in P{g) with a factors 
in totalH 

In fact (as we will show in subsection 13. ip . we can easily reconstruct 
J2feFj ^f^Hg) ill Pid) if given the "piece" {Ig{(j)))y^ in Ig{(j))- Thus, 

our aim is to use the super divergence formula for Ig{4') to express {,ll{4>))v<t, 
as "essentially a divergence" . 

The most important difficulty in deriving (jl.6p appears when we apply the 
super divergence formula to Ig((f>). To illustrate why this case is harder than 
the case s > which was treated in [3^ , we will note that Ig {(f) can be expressed 
as follows: 

q^Q z^Z j^Junk — Terms 

(1.8) 

where the terms C'^{g) ■ Acf) are in the form: 

contr{\/^"'''> R ® • • • ® \/'^"''''>R ® Acj)), (1.9) 
(notice they have a + 1 factors in total), while the terms Cg{4)) are in the form: 

contr{V^"'''^R ® • • • ® V^^'^i? ® V^^U), (1-10) 

(2) 

where p > 2 and moreover if p = 2 then the two indices a, fc in ^oi '/' ^^e not 
contracting against each other in p.lOp . Furthermore, it follows thalo the terms 
C'^{g) • A(/) in p.8p arise both from the terms with a factors in P{g) and from 
terms with a + 1 factors in P{g). 

Now, to obtain a local formula for the expression (/^ (</))) we consider the 

super divergence formula applied to Ig{4>) and pick out the terms which have 
(7 + 1 factors in total, and furthermore have a factor V<j) (differentiated only 
once). It follows that the linear combination of those terms in supdiv[Ig {(p)] 
must vanish separately (modulo junk terms with more that a + 1 factors): We 
thus obtain a new local equation, which wc denote by: 

supdiv+[llm^ J2 «.C'(5). (1-11) 

j^Junk — Terms 

Now, if one follows the algorithm for the super divergence formula^ one 
observes that the terms in the RHS of (|1.8p which can contribute terms to 

*This is by virtue of the transformation law for the Levi-Civita connection, see l|3.2| l-these 
facts are explained in detail in subsection l3.1l 
^See subsection [XT] 

^''(See subsection 6.3 in [l], and also the "main consequence of the super divergence formula" 
in [3]). 



8 



supdiv+[Ig{(j))] are the terms in in (|1.8p . but also the terms 

J2qeQ '^q^'^id) ' ™ (|1.8p F^ Thus, whereas in I^iip) {before we consider the 
super divergence formula), the terms with a factor V(f> (and with a + 1 factors 
in total) can only arise from the "worst piece" of P(g)El after we apply the 
super divergence formula we also obtain terms in supdiv^[Ig{(l))] which arise 
from '^g^qO-qC^ig) ■ Ai/i; this is very worrisome since we have no information 
on the algebraic form of J2qeQ '^q^'^ig) ' ^^Hl At this point the fact that the 
terms with length a in P{g) are all in the form (|1.2p and have two internal 
contractions belonging to different factors is crucial. We prove (jl.Sp (explaining 
how to overcome these difficulties) in section |3l 

1.2 Divide Proposition [TTT] into four smaller claims. 

The main assumption for all four of the Lemmas below is that J^^„ P{g)dVg is 
a global conformal invariant and P{g) = X];g-L '^'^''(g), where each C^{g) has at 
least (J factors. The contractions C'(g) that do have a factors will be indexed 
in Lo- C L and will all be in the form p.2p . 

First three Lemmas: The local conformal invariant "piece" in P{g): 
We firstly focus on the complete contractions C''{g),l G Lo- with no internal 
contractions. We index those complete contractions in the set and consider 
the sublinear combination P{g)\[^a {:— X^ieLO o,i^''{g))- Our first claim is the 
following: 

Lemma 1.1 Assume that P{g) — ^i(zLO,iC'{g) is as in the assumption of 
Provosition ll. 11 We claim that there is a conformally invariant scalar W{g) of 
weight —n such that: 

P{g) - W{g) = J^teratC'ig) + ^ OuC^g), 

where all the complete contractions C*{g) are in the form with length a 

and 5w > 1- Each C"{g) has length > a + 1. 

Assuming we can prove the above Lemma, we are reduced to proving Propo- 
sition 11.11 under the extra assumption that all complete contractions C'(g), 
/ £ La- have at least one internal contraction (in other words we may now 
assume that = 0). 

We then denote by C the index set of the complete contractions 
C''{g), I S with one internal contraction. We claim: 

^^In particular, the terms C"'(g) • A0 can give rise to an iterated divergence of a tensor field 
with a factor Vicji (with the index i being free). 

^■^(See the statement of Proposition II . Il l . This is good for our purposes, since we are trying 
to "recover" the "piece" J^igL '^iC'Hs) ™ ^(s) examining Ig{(f>)- 

^''This is bad for our purposes, because it is then not obvious how the contribution of 
the terms '^^^q OiqC (g) ■ A<p to the formula supdiv^[Ig(<f>)] = {Junk — Terms) can be 
distinguished from the contribution of the terms (7g (</>)) ^ . 
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Lemma 1.2 Assume that P{g) — ^i^l ^i^'^ id) satisfies the assumptions of 
Provosition additionaly, assume that each C''{g),l G satisfies Sw > 1. 
We claim that there is a conformally invariant scalar W{g) and a vector field 
T^{g) = X^re-R weight —n + 1, where each C'^'^{g) is in the form 
such that: 

J2 ciiC\g) - W{g) - div,T\g) - ^ a/C^(ff), (1.12) 

leLl feF 

where each {g) is in the form and has Sw ^ 2. The above holds modulo 

complete contractions of length > a + 1. 

Assuming we can prove the above Lemma, we are reduced to proving Propo- 
sition [TTT] under the extra assumption that each C'(g), I G has 6\y > 2. 

Lemma 1.3 Assume that P{g) = "^i^^ cliC^ {g) satisfies the assumptions of 
Provosition \l.l[ assume moreover that each C^g), I G L^r has Sw > 2. Consider 
the index set c L„ that consists of complete contractions in the form 

that have all their Sw internal contractions belonging to the same factor 

We claim that there is a scalar conformal invariant W{g) and a vector field 
^*(.9) — J2reR'^rC^'^{g) of weight —n + 1 (where each C^'^{g) is in the form 
if73|) ; so that: 

^ a,C'(5)-Ty(ff)-dz«,r(ff) = ^a,C^(ff), (1.13) 

where each (g) is in the form has Sw > 2 and also at least two internal 

contractions belonging to different factors. The above holds modulo complete 
contractions of length > cr + 1 . 

Next Claims: The divergence "piece" in P{g). 

For our next claim we will be assuming that for P{g) = J^ieL '^i^'id) (which 
satisfies the assumptions of Proposition II. ip . all complete contractions C^{g), 
I G Lo- are in the form (jl.2[) with Sw > 2 internal contractions, and at least two 
internal contractions belong to different factors. 

Let j = rnini!zL^{Sw[C^ [g)]} ■ We define Lj c to stand for the index set 
of the complete contractions with Sw = j- 

Lemma 1.4 Assume that P{g) — "YlieL ^i^^ id) satisfies the assumptions of 
Provosition M . 1{ assume additionaly that all complete contractions C\g), I G Lg- 
have Sw > 2 internal contractions and at least two of those internal contractions 
belong to different factors. 

We claim that there is a linear combination of partial contractions, X^heff CLhC^ 
where each C'^'^(g) is in the form U.3\) with weight —n + 1 and Sw — j , so that: 

aiC\g) ~ div, ahC' Kg) = ^ a.C"'(g), (1.14) 

/SLi hdH veV 
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where each C^{g) is in the form U.^) with Sw ^ J + Ij ond with at least 
two internal contractions in different factors. The above equation holds modulo 
complete contractions of length > a + 1. 

Clearly, if we can show the above four Lemmas, Proposition 11.11 wiU foUow: 
First applying the first three Lemmas to P(g) to derive that there exists a local 
conformal invariant W{g) and a divergence diviT^{g) as claimed in Proposition 
ll.ll such that: 

P{9) = W{g) + div,T\g) + ^ aiC\g) + ^a,C^"(5); 

here each C^{g) has length > cr + 1; each C\g),l G L' has length a and is in 
the form p.2p and moreover has Sw > 2 internal contractions, at least two of 
which belong to different factors. Then, iteratively applying (|1.4p to P'{g) := 
P{g) — W{g) — diviT''{g)^ we derive that there exists a divergence diviT'^{g) 
as required by Proposition 11.11 such that: 

aiC\g) = div,T'\g) + ^ a,C^{g), 
leL' jej 

where each C^{g) has length > (t + 1. Therefore, the above four Lemmas indeed 
imply Proposition 11.11 We present the proofs of these four Lemmas in the 
remainder of this paper. 

2 The locally conformally invariant "piece" in 
P{g): A proof of Lemmas [TT], [Q D. 

2.1 The Feffer man- Graham construction of local confor- 
mal invariants and an algorithm for computations. 

We start with a brief discussion of the ambient metric of Fefferman and Graham, 
|17[ I18j which we use to construct local conformal invariants. The ambient 
metric construction provides a canonical embedding of a Riemannian manifold 
{M"-,g) into an ambient Ricci-flat Lorentzian manifold (G""'"^, ^""'"^). We refer 
the reader to the papers [17] , [18] for a detailed exposition of this construction. 
We recall here a few features of this construction which will be useful to us: 
Recall that given coordinates {x^, . . . , x"} for (M", g), then the ambient metric 
embedding provides a special coordinate system {x'^jX^, . . . ,a;",x"+^} for the 
ambient manifold (G""*"^, g""*"^). More precisely, any given point xq G M" is 
mapped to xq in G"+^ with x'^ — 1 and a;"+^ = 0. We denote the vectors in 
TG|jo that correspond to the directions of x", . . . , x", by X°,..., X", 
respectively. In what follows, we will often use the notion of "assigning of 
values" o,i,---in,oo to the (lower) indices of tensors . By this we will mean that 
we evaluate those (covariant) tensors against the vectors X", . . . , X°°. 

^^Notice that Jj^.jn P'{g)dVg is also a global conformal invariant. 
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Now, let us furthermore recall that in the coordinate system {x^, . . . x'^'^^} 
the ambient metric at xq is of the form: 

g'^j'^dx'dx-' = 2dx''da;"+i + g^jdx^dx^, (2.1) 

where 0<7, J<n + 1 and 1 < i,j < n. 

The Christoffel symbols of the ambient metric (evaluated with respect to 
this special coordinate system at a point with coordinates {t,x^, . . . , a;", 0)) are: 



IJ 



r'^jj = I t-'d,'^ rf. 5^'p,i I , (2.2) 
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Now, as proven in [T7] , [H] , one can construct local conformal invariants by 
considering complete contractions involving the ambient curvature tensor R and 
its ambient covariant derivatives (with respect to the Levi-Civita connection V 
of the ambient metric). In other words, Fefferman and Graham proved that any 
linear combination of complete contractions (of weight — n) in the form: 

contr(V(;"^.),^^i?,,j,fc,i, • • • ® V(™:.i^^i?,,j,fc,zJ, (2.3) 

say L{g) ~_y2heH ^^^^{g), is by construction a local conformal invariant of 
weight — In particular, L{g) can also be expressed a linear combina- 
tion of complete contractions in the form p.2p . involving covariant deriva- 
tives of the curvature tensor of the metric g, so L{g) — F{g), where F{g) := 
'^h&H o,hContr^{V^"^^ R ® ■ ■ ■ ® V'™ ^i?). Furthermore, for any function A > 0, 
we will have F{\^ ■ g) = X-"F{g). 



In the rest of this subsection we will seek to understand how a given com- 
plete contraction in the form (|2.12p can be expressed as a linear combination of 
complete contractions of the form (|1.2[) . involving covariant derivatives of the 
curvature tensor of the metric g. 

Prom contractions in the ambient metric g to contractions in the 
base metric g: 

We do this in steps. Consider any complete contraction C(.g"+^) in the form 
(|2.12p . of weight —n. We denote by V the Levi-Civita connection of g and by 
V the Levi-Civita connection of g. 

^^When n is even, the jet of the ambient metric at is only defined up to order ^ — 1- In 
our constructions, this restriction will always be fulfilled. 
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Our aim is to write C(^"+^) as a linear combination of complete contractions 
(with respect to the metric g) of the form: 

contrg{T"'' ■ • ■ (g) T"" (g) F'^i F'^™), (2.4) 

where the factors T" are all in the form V^™-'VF (so each T" is an iterated 
covariant derivative of the Weyl tensor), all of whose (m + 4) indices are being 
contracted against another index in contrg{. . . ). Each factor is in the form 
where (5 > of its indices have a (fixed) value oo, e > of its in- 
dices have a value o and the rest of its indices are being contracted [with respect 
to the metric g) against some other index in \2A\ . 

We discuss how any complete contraction contrg{V''"^^^ R ® • • • (g V'-'^^-'i?) 
can be written as a linear combination of contractions in the form (|2.4p . This 
is a two step-procedure: 

Consider any complete contraction C(g"+^) in the ambient metric. Firstly 
we define the set of assignments, ASSIGN: 

Definition 2.1 An element ass G ASSIGN is a rule that acts by picking out 
each particular contraction between indices {a,b) and assigning to that pair of 
indices either the values (oo,o) or the values (o,oo) or repeatedly assigning any 
pair of numbers 1 < i,j < n and then multiplying by g^^ and summing 
over all such pairs. For each assignment ass G ASSIGN we obtain a complete 
contraction (in the metric g) involving tensors R; we denote this complete 
contraction ass[C{g"~^'^)]. 

Thus, for each element ass G ASSIGN ass[C{g^''^'^)] is a complete contrac- 
tion in the quadratic form g^^ (denote it by contrg{T^ ® ■ ■ ■ ® T^)) where the 
factors r* are tensors V^^^i? with some indices having the (fixed) value oo, some 
having the (fixed) value o and all the rest of the indices are being contracted 
against each other with respect to the metric g^'^ . (Note: when we separately 
consider a tensor in the contraction contrgiT^ ® ■ ■ ■ ® T^) we will call the 
indices of the third kind above "free" indices; in contrg{T^ (g) • ■ • (g) T*) these can 
only be assigned values i, . . . , „). It follows that we can write: 

C{r+')^ E ass[C{r+% (2.5) 

asseASSIGN 

Now, the next step is to write out each ass[G{g"'^'^)] as a linear combination 
of contractions in the form (|2.4p (modulo a linear combination of contractions 
with length > a + 1 which we do not care about). In order to do that, we 
will pick out each tensor T = Vi"]\r^Rijki in ass[G{g'^^''^)] (recall that each 
of the indices ^ , ■ • ■ , r„ , i, j, fc, z either has a (fixed) value o or oo, or is a free 
index that may take any values between i, . . . , „). We denote by {„j , . . . , „j } C 
In , . . . , i, j, fc, i} the set of free indices in T (i.e. the indices that may take 

^^V is the Levi-Civita connection of g and V is the Levi-Civita connection of g. 
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values between i, . . . ,„). We will write T„j...„j to stress the fact that the free 
indices in T that are being contracted (with respect to the metric g^^) against 
other indices in ass[C(g""'"^)] are precisely the indices ui, ■ ■ ■ ,uf 
Step 2: We claim that T^ . u^ can be expressed in the form: 



Tu,...u.^J2^A:uA9): (2.6) 

/=1 

where each of the terms T/^ „^ (sUZl is a tensor product with free indices 
■ ■ ■ ,ut in 0116 of two forms: Either T/^ „^ (g) will be a tensor product 

Vi';^..c,V^f.../,-R^:i=c« ® 5a6 «) • • -(Sga'b' (2.7) 

for which at least one index in the tensor V^'^^Rijki has the value oo, or it will 
just be a tensor of the form: 

^fljW.^cv (2.8) 

Proof of 112. 6\) : Firstly, if Tu-^...ut has an index with value oo, there is nothing 
to prove, since we are in the first of the two desired forms. Thus, we only 
have to study the case where all the indices m ■ ■ ■ , , r„+4 have values between o 
and „. We will then show by induction how T„j...„j can be written as a linear 
combination in the form (j2.6p : We assume that we are able to write out any 
factor T'„j...„j(= V^™^i?) as in (|2.6p provided m < d. We now show how we can 
do this for m — d + 1: 

We consider Tu^...ut = '^it^.^r\+iRra+2rd+3rd+4rd+5 and we distinguish cases 
based on the value of the index n- If n has the value o, we then just denote by 
d* the number of the indices ■ ■ • ir^+s that do not have the value o- It then 

follows that r„j...„j = {-d* + '2)vif'...raRra+2ra+3ra+ira+&- Thus wc are done, by 
our inductive hypothesis. 

On the other hand, if the index ^ is a free index (allowed to take values 
1, . . . , „), we then denote by {ai, . . . a^} C {2, . . .d + 5} the set of numbers for 
which the index rk, k E {oi, . . . Cz} has been assigned the value o- We also denote 
by {6i . . . , bx} C {2, . . . d + 5} the set of numbers for which , fc e {&i . . . , b^} 
is a free index (taking values between i, . . . , „). We then have: 

^ri'^..ra^i^rd+2rd+3rd+4rd+5 ~ ^ rii^i2--rd+i-^^d+2rd+3rd+4rd+5) 
z 

k=\ 

X 

+ 5Z ^r2...rb locn +i_rd+i^^d+2rd+3rd+ird+5 ® Sr-ir^^ + Q{R)- 



(2.9) 



k=l 



l^Here ■'^ is a label, while ^ , . . . , ^ are free indices. 



i^Recall V is the Levi-Civita connection of g, and V is the Levi-Civita connection of g"^'^ 
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follows virtue of the Christoffel symbols fg, = (5f and = -g,j. 

Now, observe that the tensors yif...rt^^iocrt^+irj+iRri+2ra+3rd+ir^+^ are in 
our desired form (|2.7[) because they contain an index oo- Moreover, the ten- 
sors (Vr2...rd+i-Rrd+2'-d+3i'd+4rd+5) ^ud Vf 2^. _ irir„^ + ird+i -Rrd+2rd+3i-d+4rd+5 f^H 

under our inductive hypothesis. Therefore, expressing these tensors as linear 
combinations of tensors in the form (|2.7p , (|2.8p we derive that (12. 6p follows by 
induction. □ 



This analysis of each of the tensors T„j ...„j allows us to analogously write 
each complete contraction C(g"+^) as a sum of complete contractions in the 
form (12. 4p : We pick out each factor {y = 1, . . . , ct) and replace it by one 
of the summands (times a coefficient) in (|2.6I) . We then take the complete 
contraction (with respect to g^^) of these new tensors Tj. The formal sum over 
all these substitutions will be denoted by J2-yeBR^,,'y{^i9^^^)}- Therefore, 
using the above and (|2.5|) we derive a formula: 

c(5"+')- E E iMcir^')]}; (2.10) 

ass£ASSIGN ■y£BRa.ss 

(the symbol BRass serves to illustrate that we have first picked a particular 
assignment ass G ASSIGN). 

Finally, we introduce a definition. 

Definition 2.2 For each complete contraction C^{g) in the form: 

contr{V^;^-l^^m,nk^h ®---® V(™i^^ W-,,,;,^,, J, (2.11) 

with each nia < -^^3^, we construct a complete contraction AmblC^g)] in the 
ambient metric: 

contr{Vi^,'l^^^R,,j,k,h ®---® ^iT^.L^R^MJ; (2.12) 

this is related to C^{g) in the following way: Consider any two factors Ta = 
vi"™L„VF^„,„fe„;„ and Tb = viT'lr,.M.3.kj^ m C\g) (the a*'' and h'^ 
factors) and suppose that the k^^ index in Ti contracts against the l*^ in- 
dex in T2. Then, we require that in Amb[C^] we will have two factors Ta = 
'^^o^.zl^^Ri^j^k^i^ and fb = '^y?.':\,„,Ri^]^kj, in C'(g"+^) and furthermore 
the k*^ index in Ti will contract against the Z*'* index in T2. 

We will call the local conformal invariant Amb[C{g)] the ambient analogue 
ofC{g). 

Note: Since we are assuming nia < ^3^, we know by [T^, [18] that the above 
ambient complete contraction is well-defined. 
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2.2 Proof of Lemma ll.lt 



In order to prove this Lemma, let us consider the linear combination E;g a;C' (17) 
We claim that the local conformal invariant needed for the proof of Lemma [TTT] 
is precisely W{g) :— J2ieL'^!-^''^^[^^i9)]^ This will follow by virtue of the 
following Lemma: 

Lemma 2.1 Given any C^{g) in the form il.^) with no internal contractions, 
we claim: 

C'(5)-Am5[C'] = ^atC*(g), 

where each C*{g) either has length > a + I (and is in the form il.l]) ). or is in 
the form il.^} and has length a and 5]y > 1 • 

Proof: Recall the algorithm from the previous subsection. Recall the equa- 
tion (|2.10|) . Let ass* G ASSIGN be the (unique) assignment where no index 
in the complete contraction Amb[C^ {g)] is assigned the value oo0 Firstly we 
claim that for every ass e ASSIGN \ {ass*}: 

7{ass[C(g"+2)]} = (2.13) 

where the RHS is as in the claim of Lemma [^TTl To see this, recall the algorithm 
from the previous subsection. Observe that ass[C{g"^'^)] stands for a complete 

contraction (with respect to the metric 5*^) of factors v'^}.r^Rijki, and at least 
one of those factors has an index with the (fixed) value 00', it then follows from 
the higher-order Taylor expansion of the ambient metric g (see [17], [18]) that 
such a tensor Ti-^,,,ij, can be written out in terms of the metric g as follows: 

where each tensor V'^"^^WijM has / free lower indices, m + 4 > / and the rest 
of the indices are internally contracting. Moreover, there will be at least one 
internal contraction in V^^'^Wijki- if stands for a linear combination of 

partial contractions in the form: 



pcontr{\/^"''>Rijki ® • • • ® V^'^'^'Ri^yk'i' 9ab ® • • ■ ® 9a'b') (2.14) 

with w >2 (i.e. with at least two factors V'™-'i?). Substituting this expression 
into E^esfl^. 7{ass[C(g"+2)]} we derive ([233]). 

So we are reduced to considering "^^(zbr , l{0'SS*[C{g^^^^)]}. That is, we 
are reduced to considering the case where no index in the complete contraction 
C'(g"+^) is assigned the value or 00 • But then recall the Christoffel symbols 
r^j for the ambient metric g"+^: 

19 See Definition [22] 

^"Equivalently, ass* is the unique assignment where no particular contraction {a,b) is as- 
signed the values {00, 0) or (0, oo)- 
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If 1 < hjik < n we have ff^ = T^j. On the other hand, f° = Pij and 
Fj"^^ = Thus we derive that for values n, ■ ■ ■ ,i G {i, ■ ■ • , «}: 

V^T^^.r^-Ryfei = V^")^^Wijfe; + Tr^...r,„ijkl + Ki...r„'ijkh (2-15) 

where Tr-^...r^ijki is a hnear combination of tensor fields of the form gab ® ■ ■ ■ <E) 
gcd (8) V'^^^Rijki, where the factor V^^^Rijki contains at least one index with a 
value oo- r^ijki stands for a linear combination of tensor fields of the form 
dHH]) with w > 2. 

This completes the proof of Lemma 12.11 □ 

2.3 Proof of Lemma II. 2t Proof of half the Lemma. 

We prove Lemma ll.2l in two steps. In order to explain this proof, we need one 
piece of notation: 

Definition 2.3 Consider a complete contraction C{g) in the form with 
weight —n + 2. We define A'^[C{g)], for any k,l < k < a to be the complete 
contraction that arises from C{g) by picking out its fc*'* factor Fk and replacing 
it by AFk- Then, we define: 

a 

A.[C(g)]=^A,^[C(g)] 

fe=i 

This operation extends to linear combinations. 

Lemma 11.21 will follow by the next two claims: 

Lemma 2.2 Under the assumptions of Lemma we claim that there is a 
vector field T^{g) — TlireR^^'^^'^^d^ form required by Lemma so 

that: 

J2 ^iC\g) - div, = A.[^ a.C"(5)] + E "/^^(s)' (2-16) 

leLl reR veV f€F 

modulo complete contractions of length > a +1. Here each {g) is in the form 
with length a and 5\y > 2. On the other hand, each C'"{g) is in the form 
with length a , weight — n + 2 and with no internal contractions. 

The next claim starts with the conclusion of the previous one: 

Lemma 2.3 Assume that P{g) is as in the assumption of Lemma \1.2l assume 
furthermore that the sublinear combination X];eLi Q^iC''(<?) of contractions with 
length a and precisely one internal contraction can be expressed in the form 

a,C'(5) = E„eya.A,[Cn5)]- 
We claim that there is a local conformal invariant W{g) and a vector field 
^ren '^rC^'^ig) of weight ~n + 1 so that: 
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A,[^ a„C"(g)] - W{g) - dtv, ^ arC^'^g) = ^ afC^ig). (2.17) 
vev reR feF 



The above holds modulo complete contractions of length a + I. Here again each 
{g) is in the form S1.2\) with length a and Sw ^ 2. 

Proof of Lemma \2.Sk In order to prove this Lemma, we first slightly manip- 
ulate the sublinear combination X^zeii o.iC''{g) in P{g). 

We first prove that by subtracting divergences from P{g), we may assume 
that every complete contraction C''{g) with I G will have its internal con- 
traction in a factor of the form ViWijk^: 

This is done as follows: For each complete contraction C\g), I G Ll., we 
isolate the one factor Vr^^.r^^ Wijki which contains the internal contraction 
(there can be only one such factor, by the definition of L^^). Then, if the 
internal contraction is between two indices , rt , we bring them to the positions 
rm -nr,„ by repeatedly applying the curvature identity. That way we introduce 
correction terms that have length at least cr + 1 . Then, we apply the identity 

"^rW.jkl + "^jW^kl + V^Wjrkl = Y^i'^'Wsrty ff), (2.18) 

(see subsection 2.3 [3]-recall that the symbol 'Y^iyWsrty ® g) stands for a 
linear combination of a tensor product of the three-tensor 'V^Wgqty with an 
un-contracted metric tensor). 

Thus (modulo introducing correction terms that are allowed in Lemma l2.2p . 
we may assume that in each complete contraction C\g), I G the internally 
contracting factor is of the form ^^J^^^^-^iWijk ■ Finally, we subtract diver- 
gences from C^g) as in the proof of the silly divergence formula in [1], in order 
to arrange that all complete contractions C\g),l £ Lj. have the internal con- 
traction in a factor of the form T/iWijk^ (this can be done modulo introducing 
complete contractions with more than one internal contractions-but these are 
allowed in the conclusion of our Lemma). 

We note the transformation law for the factor V'Wijfc; under the re-scaling 
9 = e^^^^^g. 

iy'W,jki)a = {VW,,ki)g + {n- 3)[W,,hVV]s. (2.19) 
Now, consider 7^(0) (:= Image^[P{g)])^^ We firstly study the sublinear 

combination Imaae]^ [-P^Q^] U] ^ 

Initially, we write Image^[P(g)\a] out as a linear combination of complete 

contractions in the form: 

2iRecall that Image^^lP{g)] := ^ |t=oe"''^P(e2*<#'g) and that fj^„ Igi4')dVg = 0. 
^^Recall that P{g)\cy stands for the subUnear combination of terms in P(g) with 
length (T. Those terms are indexed in Lo- C L. Recall that Image^[P{g)cr]{- = 
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conir(V'™i'M^yfei ® • • • ® W'^"''^W^>j>k'i' ® V^'^V)- (2.20) 

Given that P{g)\^ is a linear combination of complete contractions in the 
from (|1.2p . we immediately obtain such an expression for Image^[P{g)\a], by 
applying the transformation laws from the Weyl tensor and the Levi-Civita 
connection, see the subsection 2.3 in [3]. Thus we write 

Imagel[P{g)\a] = T^keKakC^ {(!)), 

where each Cg (</>) is in the form (|2.20p with length a + 1. 

Now, we re-express Image^[P{g)\a] as a linear combination of complete 
contractions in the form: 

contr{V^"''^R ® • • • ® V^^'^i? ® V^^U) (2.21) 

(V^™-'i? above stands for the differentiated curvature tensor, where we do not 
write out the indices). This is done by picking out each complete contraction 
Cg{(j)) in the above equation and decomposing each Weyl tensor according to 
Wijki = Rijki + [-P A g] (see subsection 2.3 in ^). Hence, we write out: 

Imagel[P{g)\a] = 'EkeKaki^meWka-wCg''" {(/))]. 
Each complete contraction Cg''^{(t)) is in the form (|2.2ip . 

Now, we introduce some definitions regarding complete contractions Cg{(j)) 
of the form ^T^. 

Definition 2.4 For any complete contraction Cg{4>), 5 will stand for the num- 
ber of internal contractions among its factors V'-"'^ R^^ki , ^'^^^Ric, V'-y^R (in- 
cluding the one (resp. two) internal contractions in the term Ricij — R'^iaj, 
R = R°'^ab)- Q will stand for the number of factors V^P^Ric, R (scalar curva- 
ture). 

Definition 2.5 Consider complete contractions Cg{(f>) in the form i2.21\} . v 
will stand for the number of derivatives on the factor V^'^V- 

Any such complete contraction with q = 6 = and v = \ will be called a 
target. Any complete contraction with v >2 and v[i^..r„0 ^ Ai/) will be called 
irrelevant. Any complete contraction with v = 1 and q + 5 > will be called a 
contributor. 

Now, we consider complete contractions in the form \2.21]) of length cr + 1 
with a factor A(/). If q = S = 0, we will call it dangerous. If d -\- q > we will 
call it a contributor. Finally, any complete contraction of length > a + 2 will be 
called irrelevant. 

In the rest of this subsection, Jg {(f) will stand for a generic linear combination 
of contributors and irrelevant complete contractions. 

Our next aim is to understand Image]i\C^ [g)] for I <^ L\. We will need some 
definitions: 
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Definition 2.6 Consider a complete contraction Cg{(j>), I G L^. which is in the 
form il.^) and has its internal contraction in a factor V'Wy/ci- We define the 
skeleton CY{4>) ofC^{g) to he the complete contraction which is obtained from 
C^{g) by substituting the factor ^iWijk'' by 'S/i(f>Rijk and every other factor 

^r^l.r^Wijkl by T/r^^.r^Rijkl- 
AlsO, consider any complete contraction C^{g) which is in the form U.^) (not 
necessarily of weight —n) with q = Q and 5 — Q. We then define its skeleton 
C^'''{g) to be the complete contraction which is obtained from it by substituting 
each factor vi'^}.r^Wijki by Vr™^.r„-Ryfci • 

Lemma 2.4 For any complete contraction C\g) with I G L^, we claim that 
Image^[C\g)] can be expressed as follows: 

Im,agel[C'ig)] ^ {n ~ 3)C^^'(0) + J^- (2-22) 
Proof: This is proven in two steps: 

We first consider tlie complete contraction in Image^lC^g)] which arises as 

follows: We first substitute the factor V'-Wijki in C'(.g) by (n-3)WijfeiVV- Let 
us denote the complete contraction that we obtain thus by Cg{(j)). Then, we 
write Cg {(p) as a linear combination of complete contractions in the form (|2.2ip : 

Let us assume that Cg'^(0) is obtained from Cg{(p) by substituting each factor 
vl^^.r^ Wijfei by a factor '^^}.r^Rijki- The complete contractions C^^'f') with 
t >2 arise by substituting at least one factor V^'^^'Wijki in Cg{(f>) by a factor 
yC"*) ^Jlic (g) gj or V*^™^ [i? 5 • • • ® 5]. Hence, each complete contraction Cg'*{(j)) 
with t > 2 will either have q > or 5 > 0, so it will be a contributor. We see 
that the complete contraction Cg^{(j)) above is (n — 3) • CY{4>)- 

Let us now consider any complete contraction Cg (0) (in the form) (|2.20p 

in Image]i\C\g)\ other than Cg'^(0). Then necessarily Cg{(j)) has arisen by 
applying the transformation laws for the Levi-Civita connection or the Weyl 
tensor to any indices in C'(g) other than the internal contraction in the factor 
V'VFijfci. Hence Cg {(f>) will contain a factor V'-Wijki, which still has an inter- 
nal contraction. Therefore, writing Cg {(j)) as a linear combination of complete 
contractions in the form (|2.2ip . as below: 

we have that each ''^((/)) will either have a factor V*^"'-'i?yfci with an internal 
contraction or a factor S/^P^Ric or a factor R (scalar curvature). Therefore, each 
such complete contraction Cg '''((/') is either a contributor or irrelevant. □ 
By the same calculations we also derive: 
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Lemma 2.5 For any complete contraction C^{g) with I G \ L\: 

Imagel[C\g)]^Jg{<P). (2.23) 
Proof: This fact follows by the same proof as for the previous Lemma. □ 
Lemma 2.6 Consider the sublinear combination P(g)|o-+i in P{g)- Then: 

Imagel[P{g)Ui] = J] a„C"(5) + J,(^), (2.24) 

ueu 

where ^^gj^ a„C"(g)A0 stands for a generic linear combination of dangerous 
complete contractions. 

Proof: Straightforward from the transforation laws of the Levi-Civita con- 
nection and the curvature tensor under conformal re-scalings. (These can be 
found in subsection 2.3 in [3]). □ 

We are now ready to get to the main part of proving Lemma 12.21 It will be 
useful to recall a few facts about the super divergence formula from l]. This 
is the second and last instance in this series of papers where we make use of 
the super divergence formula in full strength. In all other instances we use the 
"main consequence" of the super divergence formula, as codified in subsection 
2.2 in [3]. 

A few facts about the super divergence formula: We apply the super diver- 
gence formula to the operator (0) = X^zeL '^'^''(g). Recall that Jj^,j„ Ig{(f>)dVg = 
for every compact (M", g), (j) e C°°(M") and each C'(g) is in the form (E^B)- 
The super divergence formula applied to lli<P) provides a local formula which 
expresses ll{(t>) as a divergence of a vector field. We recall that there is a pro- 
cess by which each term C^{g) in Ig{(t>) gives rise to divergences in the super 
divergence formula. In the end of [1] we summarized the conclusion of the super 
divergence formula as follows: Given Ig{(f>) = J2ieL ^i^gi^) '^^ introduces the 
notion of "descendents" of each C^{g), I G L\ these are complete contractions in- 
volving factors ^ (or covariant derivatives thereof). Such complete contractions 
are divided up into categories (e.g. "good", "hard", "undecided") and we then 
proceed by integrating by parts the factors ^ in those complete contractions. 
At each stage, we discard complete contractions which are "bad" , "hard" or 
"stigmatized". In the end each complete contraction C^g{4>) in ll{4>) contributes 
itself plus a linear combination of divergences to the super divergence formula; 
we have denoted this sum by Tail[C^{g)\. In other words, the super diveregnce 
formula can be summarized as: 

^aiTail[C\g)]^Q. (2.25) 

The only further remarks we wish to make is that if Cg{(j)) has length > a + 2 
then Tail[Cg{(j)) consists of complete contractions with length > cr + 2, and that 
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for every complete contraction Cg{(j)) of length cr+ 1 the only way that the factor 
V'^'^V in a complete contraction Cg((/)) can give rise to a factor ^ is by replacing 
a pair of indices rt in ths factor Vri^..r„^!' that contract against each other by 
an expression r-tC^'- This factor will then be integrated by parts, giving rise 
to a divergence with respect to the index ^ ■ 

Our Lemma will follow by picking out a particular "piece" in the super 
divergence formula which vanishes separately and then applying the operation 
Weylify (from subsection 5.1 in [3]) to the resulting equation: 

Lemma 2.7 Consider any irrelevant complete contraction Cg{(l)). Then: 

Tatl[Cli(t>)] = ^^ewC^i^), 

where each complete contraction C^lcj)) has length > a + 1, and if C^{(j)) does 
have length ct + 1 then it is irrelevant. 

Proof: If G^g{4>) has length > cr + 2 then T ail[C'g{4))] consists of terms with 
length > (7 + 2, so we are done. Now, the case where Cg{(j)) has length a+l: By 
our definition, a complete contraction of length tr + 1 is irrelevant if it has a fac- 
tor Vr™^.r„</> ^ A0. But then, by virtue of the Lemma 16 in [T] and the iterative 
integration by parts, it follows that each complete contraction in Tail[Cg{(j))] of 

length (7 + 1 will have a factor Vr^..rp0,P > 2. Hence each complete contraction 
of length cr + 1 in Tail[Cg{(t))] is irrelevant. □ 

We next consider Tail[Cg{(l))] when Cg{(l)) is a contributor. (By definition if 
Cg{(j)) is a contributor, then its factor V^^V is either of the form V0 or A0). 
We claim the following: 

Lemma 2.8 Consider any contributor Cg{(j)) . Modulo complete contractions of 
length > a + 2, we can write raiZ[C^ ((/))] as a linear combination: 

Tail[Cl{<j))] = Cli(b) + Y^reR^ardiVj^^Cl^icp) + ^^^wa^C^{^), (2.26) 

where each vector field Cg'^'' {(p) in the above equation is a partial contraction in 
the form 112. 21\) with length cr + 1, with one free index, and furthermore v — 1 
(that is, it has a factor \I a4i), and the index a in Vaf/* is not the free index, and 
furthermore q = S = 0; each complete contraction C^{(j)) is in the form i2.21\} 
with either v > 2 or q + S > 0. 

Proof of Lemma \2.8[ ' First consider the case where C''{g) contains a factor 
V(/): By virtue of the algorithm for the super divergence formula (see the con- 
cluding remarks in [I]), we derive that, modulo complete contractions of length 
>a + 2: 

Tail[Cl{ct>)] = Clicf,) - ^feFdiv,^cY'{4'), 
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where T, f^pCg'^^ {(f) is a linear combination of vector fields in the form (|2.2ip 
with ly > 1; a V = 1 then the index a in ^aff' is not the free index because 
Cg{(j)) contains a factor V0, therefore no descendent ofCg{(j)) has a factor ^ con- 
tracting against V0. Now, if a vector field {(j)) has v — 1 and no internal 
contractions, we index it in i?/. Otherwise, we place diVi^Cg'^^ {(j)) into the sum 

We now consider the case where Cg{4>) has a factor A(j). In that case, recall 
that by definition S + q > 0. We denote the set of good or undecided descendants 
of C^(0) by {C^^''(0,O}be_B. Also recaU Lemma 16 from [I]. Now, if C^g^{(j),0 
contains a factor A(/), it follows from Lemma 20 in 1 that, modulo complete 
contractions of length > cr + 2: 

where each Cg{<j)) is in the form (|2.21|) and has a factor V'^'^^cf), v > 2. We then 
place the complete contractions Cg{(l)) into the sum Tiyj^wdwC'jl' {(p). 

If the ^-contraction Cg'^{(l),£,) has a factor Vit/f, it follows from Lemma 16 
in [I] that it will have an expression Vi0^^ We then decree that the factor 
will be the first to be integrated by partsl^ Notice the following: If was the 
only f-factor in C^'''((/), is f , then C^'''((/), is in the form (|23T|) with at least 
one factor V^^'^Ric or R (of the scalar curvature). Hence, in that case we place 
PO[C^'^(<?!),0] into the sum E„gvFai„C^(0). 

If Cg^{(f), ^) has more ^-factors, then after the integration by parts of we 
are reduced to the previous case. Thus our Lemma follows. □ 

Finally, let us consider a dangerous complete contraction Cg{(j)). It will be 
in the form: 

contriV'^"''^ R.,jki • • ■ ® V^™")^^ ® A0), 

where none of the factors V^'^'^Rijki have internal contractions. Hence, we 
derive: 

Tail[Cl{4>)] - -conir(VMV(™i)i?,,M ® • ■ • ® V^-^^'^ R.,jki] ® V,0). (2.27) 

We denote a linear combination as in the right hand side of the above by 
E^effa,.V^-[C"(g)]V,^. 

In view of the above Lemmas, we see that by applying the super divergence 
formula to /g (</>), and pick out the sublinear combination with a + 1 factors, 

^''Note that by the remark made in the subsection "Conclusion" in p] we are free to impose 
this restriction. 
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with one factor V(/) and without internal contractions we derive a new local 
equation: 

^ aiCYici^) + arXdiVjCl^^{^) = ^ a;,V^"[C''(g)]V,0 (2.28) 

leLl r£R heH 

Now, applying the operation Weylify to the above, we derive our Lemma 
12.21 (bv virtue of the discussion on the operation Weylify in subsection 5.1 in 

El). □ 

We will show Lemma 12.31 in the next section, after proving Lemma IL3I 
2.4 Proof of Lemmas ll.3l and l2.3l (the second half of Lemma 

USD- 

This subsection contains elaborate constructions and calculations of local con- 
formal invariants. All the divergences of vector fields that appear in the proofs 
of these two Lemmas are constructed explicitly; there is no recourse to the "su- 
per divergnece formula" . The key to these constructions and to the calculations 
below is the ambient metric of Fefferman and Graham, see [T7], [THj. We will 
be using the algorithm that was presented in subsection 12. II 

Proof of Lemma ll.3t For this section, for each complete contraction C'(g), 
I G j^stack ^-^Y^ |--|^g factor to which all the internal contractions belong 
the important factor. 

Firstly, we observe (easily) that by applying the fake second Bianchi iden- 
tities from [3] (see (|2.18p in this paper) we can write modulo terms of length 
>a+l: 

J2 <^iC\g)= a/C'(5) + 5]a,q(0), 

where each C''{g) I G jg ^^le form (II. 2p and has two of its internal con- 

tractions involving the indices i , fc in the important factor V'^™^ Wijki El also each 
C^{g) is in the form (|1.2p and has at least two internal contractions belonging 
to different factors V^^^Wy/ci- 

Thus we are reduced to proving our claim under the assumption that the 
important factor of each C\g), I G L'*""'' is of the form V*i-**-2''=V^"^.r„ Wi^fez. 

We then observe that by intergating by parts the indices ^ , • ■ • , r„ in the 
factor Vri...r^^^Wijki for each I € i^stack ^^^-^ explicitly construct a vector 
field T\g) ="Y,,,^H^hC''-Kg) so that: 

C\g) - div,T\g) = ^ C*(5) + ^ a,C^ (5), (2.29) 

^''Notice that this subhnear combination must vanish separately. 

^^In other words, we have two derivative indices V*, V*^ contracting against the indices i, k 
in the important factor 
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modulo complete contractions of length a + 1. Here ^ C*{g) stands for a linear 
combination of complete contractions in the form (|1.2p with Sw = 2, where both 
the internal contractions belong to a factor in the form V^^Wijki- Each C^(g) 
is a complete contraction in the form (|1.2p with at least two internal contrac- 
tions belonging to different factors. Now, abusing notation we will again denote 
SigX"""''' ^i^^id) Y^K^L^'t'^"!' ^iC'ig)- Therefore, we are reduced to showing 
our Lemma in the case where each C\g)^ I € j^stack j-^^^g _ 2 and the two 
internal contractions belong to an important factor in the form V^^Wiju- 

In order to state our claim, we recall the ambient analogue Amh[C{g)\, of any 
complete contraction in the from (|1.2p (see Definition 12. 2p ; we also introduce a 
new definition: 

Definition 2.7 Consider any C^{g), I S L'**"'^*^ in the form U.S]) . where there 
are precisely two internal contractions in C\g), in some factor S/^^Wijki- We 
let C^'^^^^{g) he the tensor field that arises from C^{g) by making the two internal 
contractions into free indices. 

We also let C^'^'^{g) be the vector field that arises from C^{g) by replacing 
the important factor '^'^^Wijki by '^^Wi-^jki and C''*^(5) be the vector field that 
arises from C^{g) by replacing the important factor V^'^Wijki by V^Wiji^i- 

Lemma 2.9 Consider the tensor field C'''^^^^ (g) ; consider Xdivi^Xdivi^C^''^^'^'^{g) 
and construct Amh[XdiVi^XdiVi^C^''^^'^^{g)\. We claim that modulo terms of 
length > ct + 1 ; 

AmhlXdiv.^Xdiv.^C^^'^'-^ig)] = Xdiv^,Xdiv^^C^^'^'' (g) + ^^^—^Xdiv,^C^''^{g) 

n — 3 

atXdiv^^ . . . Xdivi^^C^'^'-'^t (g) + J2 atXdiv,, . . . Xdiv.^^C*'''-'''^ (g). 

(2.30) 

Here each tensor field (7*''i---*<»t ((;), t ^ T'^ is in the form U.2\) . has 5w > and 
at least one of the free indices belongs to a factor Ti , and at least one internal 
contraction belongs to a factor T2 with Ti i^Ti. Each tensor field (7*^*i - '£it (f^)^ 
t G T"" also has &w > and in addition has a factor T = V(™)Wijfei with one 
internal contraction between a derivative index and an index i or k and then one 
of the free indices , . . . , is the index j or i in T , respectively. j o,j ■ ■ ■ 
is as in the conclusion of Lemma \1.3[ 

Lemma \2.9\ implies Lemma \1.3l Firstly, for each t G we suppose with 
no loss of generality that belongs to Ti (see the definition above). We then 
observe that for each t G T": 
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T.-sC^(9), ' ' (2.31) 



modulo complete contractions of length > a + 1. 

For each t e T*"* we assume with no loss of generality that is the index j 
or I (see the definition above). Then, for each t G T^"^: 

Xdiv,, . . . Xdm^^C^-'^-''^* {g)-div,,Xdiv,^ . . . Xdm^^C*''^-'-^ (g) = 0, (2.32) 

modulo complete contractions of length > a + 1. 

By the same reasoning we explicitly construct a linear combination of vector 
fields '^reR'^rC^'^ig) so that: 

Xdm.Xdm.C^^'^'^ (g) + ''^^—4xdm,&''Ug) + ^^—^Xdivi.C^^'^ (g)+ 

n — 3 n — 3 

(n-4)2-2(n-4) + 2 . ^ 

(n-3)(n-4) ^ (9) - d^v, Y.^a.C ^ (g) (3.33) 

_ jn - 4)(n - 3) - 2(n - 4)^ + (n - 4)^ - 2(n - 4) + 2 ; 

(n-3)(n-4) (^^' 

We note that the constant C = („J3"(>f_4) on the right hand side is not zero, 
since for n = 6 there can not be any complete contraction in the form: 

contr{V^'^'^W^,kl ® • ■ • ® V^'^'^W^.,^k'v) (2.34) 

with a factor V^^Wiju- 

Therefore, if we can prove Lemma 12.91 our Lemma 11.31 will follow. 

Proof of Lemma \2.9t 

Our proof relies on a careful calculation of Amb[Xdivi-^Xdivi^C^''^'^^^ (g)], 
based on the algorithm presented in subsection l2.1l We write XdiVi^Xdivi^ (ji,m2 ^^~) 

out as a sum in the obvious way, Xdivi-^Xdivi^C''''^^'^^ (g) = X]t=7^'' C'*(g); then 
we write: 



Amb[Xdm,Xdm^C^'''^^g)]^ XI H XI "f{'^ss{Amb[CHg)]}}. 

t=l asseASSIGN^ i£BRass 

(2.35) 

Now, our Lemma will follow by a careful analysis of the right hand side of 
the above. To perform this analysis we must divide the right hand side into 
further sublinear combinations. 
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We call the factor Wi^ji^i in C'''i'^(g) to which the two free indices belong 
the important factor. For the purposes of the discussion below, each complete 
contraction C*{g) above, the indices i^, in the important factor (which are 
contracting against V*^ , V*^ ) will still be called the free indices. 

Definition 2.8 Refer to \2. 35\) . Consider any given term Amb{C^{g)}. We 
will write ASSIGN instead of ASSIGN^ for simplicity. 

Define ASSIGN~ C ASSIGN to stand for the index set of assignments 
that assign the values (oo, o) to two particular contractions (a, t,), (c, d) where a, c 
belong to different factors. 

Define ASSIGN^ C {ASSIGN \ ASSIGN-) to stand for the index set of 
assignments in (ASSIGN \ ASS I GN^) that assign to at least one particular 
contraction {a,b), where a belongs to the important factor, the values (o,oo)- 

Define ASSIGN^ C [ASSIGN\{ASSIGN- [j ASSIGN^)] to stand for the 
index set of assignments in {ASSIGN \ ASSIGN^) that either do not assign 
the values (00,0) to any particular contraction, or do assign such values (00,0) 
but subject to the restriction that all the 00 's are assigned to the same factor, 
which is not the important factor. 

Define ASSIGN* C [ASSIGN \ (ASSIGN- [j ASSIGN^)] to stand for 
the index set of assignments in (ASSIGN \ ASSIGN^) for which the value 00 
is assigned to at least one index, and moreover all the indices 00 are assigned to 
the important factor, but not to the free indices , ^3 • 

Define ASSIGN+ C [ASSIGN \ (ASSIGN- [j ASSIGN^)] to stand for 
the index set of assignments in (ASSIGN\ASSIGN-) for which all the values 
00 are assigned to indices in the important factor, and at least one of the free 
indices i-^,i2 is assigned the value 00 ■ 

Let us firstly observe that for each t,l < t < (a — 1)^: 

ASSIGN = ASSIGN- [j ASSIGN^ [j ASSIGN^ [j ASSIGN* [j ASSIGN^ 

(2.36) 

(in the above IJ is a disjoint union). We define: 

ass{Amb[Xdivi,Xdiv,2G^^'^'^g)]} ^ ^ ^ ass{Amb[C\g)]}, 

ASSIGN- t=l ASSIGN- 

and also use the same definition for the other subsets of ASSIGN. 

We will use (|2.36|) . along with ()2.35p . Before doing so, let us recall a few 
more facts about the ambient metric: 

A key observation is that any tensor in the form V^^'' j^Rzxcv as in (|2.7p 
(i.e. with at least one index have the value 00) can be written out as a linear 
combination of tensors V^^^ Wy fe; ((X)(7 • ■ ■ ® g) with an internal contraction in 
V*^^'VF, modulo quadratic terms in the curvature 1^ 

^^Here (®g ■ ■ ■ ® 9) means that there may be no such factors. 
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We only need to be more precise in the case of the factor T = Rijki '■ If one 
of the indices i,j,k,i is given the value o then T = 0. On the other hand, if 
1 ^ j,k,i < n then Rocjki = —i^^^^Wijki- If at least one of the pairs i,j or 
k,i arc both assigned the value oo then T = 0. Finally, if 1 < j, ^ < n then 
i?oo,ooi = („-3K„-4) ^'''^»J-fc' + Qi^) (see mM)- 

We will now calculate ^asseAssiGN- 0'Ss[Xdivi^Xdivi2C^''^^^^{g)], . . . , 
J2asseASSiGN+ cisslXdivi^Xdivi^C^'''^^^ {g)]. All equations below hold modulo 
terms of length > a + 1. 

It immediately follows that: 

ass[Xdivi^Xdm^C^''''^{g)]^0, (2.37) 

asseASSIGN^ 

ass[Xdm,Xdivi,C^''''^{g)]^Y,''3'^^i9)- (2-38) 

assGASSIGN- jeJ 

We next seek to understand ^asseASSiGN» asslXdivi^Xdivi^C''''^^^^ {g)]. We 
claim that: 



ass[Xdivi,Xdm^&''^'^{g)] = XdiVi,Xdiv,^C^''^'^ {g)+ 

asseASSIGNt 

Y atXdm,...XdiVa,C'''' -'^^{g) + YajC^g). 

Proof of \2.39\) : Consider the break-ups of each different asslXdivi^Xdivi^C'"'^^^^ {a)]W\ 



Y ass[Xdiv,,Xdivi^C^^'^'^{g)] 



assGASSIGNt 

Y l{ass[Xdm,Xdm^C^''''^{g)]} 

asseASSIGN> jeBRass 

Denote the RHS of the above by A. We will break A into two sublinear 
combinations, A^,A^: A term jlasslXdivi-^Xdivi^C'''^^'^^ {g)]} will belong to 
A^ if it arises by applying one of the rules ^i^Xj Tf^jXao = —gi^jXoc 
or Vi^Xo — > rf^QATfe = ^i^^k at least once (as in p.9p ). (Here Vi^ stands 
for a divergence indcxj^ which has been assigned a value between i , 
and j is an original index which has been assigned a value o, ■ ■ • ,«)■ A term 
-f{ass[Xdm^Xdm^C'^'''^'-^ (g)]} belongs to A^ if it arises without applying any 
of the above two Christoffel symbols. 

In the above notation, we will show that: 



^^Recall the break-ups from subsection 12. II 

^*This means that the index is not one of the indices in the vector field Amb[C'''^^^^ (g)] but 
corresponds to an index from a divergence divi-^ or divi^ . 
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= 0, 



(2.41) 



t£Ti jGJ 

(2.42) 

In fact, (|2.42p just follows by the definition of A^: If we consider the com- 
plete contractions that belong to A^ that arise without assigning any index the 
value oo, it follows that they add up to the term Xdivi-^XdiVi^C'''^^^^ (g); if we 
consider the complete contractions in A^ that arise by assigning at least one 
index the value oo, it follows that they will add up to a linear combination 
Etertt atXdiv,^ . . . XdiVa,C^'''---'''t (g) + «jC^ (ff)- 

So, matters are reduced to showing (|2.4ip . We will establish a bijection that 
will help us prove cancellation in A"'^. 

We arbitrarily pick out one of the free indices (so s = 1 or s = 2). 
For convenience we just set s = 1, but the same claim will be true if we just 
switch and . We also arbitrarily pick out a particular contraction in the 
tensor field C^'^^^^{g), say tt — {a,b) where a belongs to the factor T*^ and f, 
belongs to the factor T' and k,l ^ 1. We also pick out a factor T'^,r > 1 
arbitrarily. Then, we consider the complete contraction C'''^^^^^^^''''^{g) that arises 
in Xdm,Xdiv,^&''^'^{g) when V hits the fc*'' factor T'' in &''^'^{g) and 
V-^ hits the r*^ factor T"" in C''*i*2(g). Accordingly, we consider the complete 
contraction C^^'-^^2\'"-{g) that arises in Xdivi^Xdivi^C^^''^'^^{g) when V'l hits the 
I*'* factor r' in C^''^^^{g) and V'^ hits the r*'' factor T*^ in C^^'^'^{g). 

We now consider the ambient analogues Amb[C'-'^^'^^^'^'^{g)], Amb[C^'^^^^^'''^ (g)]. 
For Amb[C^''^'^\^'''{g)] we define ASSIGN^;'"''^ C ASSIGN^ to stand for the 
set of assignments that assign the particular contraction tt = (a,h) the values 
(o,oo)and assign the pair (^^ , V*^ ) base values (i.e. e{i,...,„}). 

On the other hand, for Amb[C^''^^^^'^''ig)] we define ASSIGNf;"'^ to stand 
for the set of assignments where n — {a,b) is assigned base values and the pair 
(ii , ) is also assigned base values. 

Now, for each element ass £ ASSIGN^^^'^ we define BR^^^ to stand for the 
set of break-ups that replace the factor = v|™^"^q ^^Riju (or analogously 
when a = is one of the internal indices) by a factor — V^™''j^ ^ Rijki (i-e. 
we apply ff^g = to the indices V,^,Vo, as in For C'',n»2|i,r(~n+2) 

and each element ass £ ASSIGNf^'"'^ , we define BR^^^ to stand for the set 
of break-ups that replace the factor T' = V^™,^^^^ ^ ^Ri'j'k'i' (or analogously 
where b is one of the internal indices) by a factor V^™ •'^ ^, Ri'j'k'i/giib (i-e. we 

apply f«=j, = -gi^b- 

We then observe that in the above notation, for each tt e 11, each r = 
2,..., a: 
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J2 E l{a-ss[Amb[C''^-^^\''-ig)]]} 

(2.43) 

+ E E 7{[^m5[C'''^^=l'.'-(5)]]} = 0. 

asseASSIGNf;^''^ l^BR^^^ 

In view of the above cancellation, when analyzing we may discard any 
contraction that involves using the symbol Tf^ to a pair V^^X^ (where is a 
divergence index and is not contracting against the important factor). We 
may also discard any complete contraction that arises when we use the symbol 
r*^ Q to a pair Vi^Xd where Xd is an original index in C'''^^^^{g) that is not 
contracting the important factor. 

So, to show (|2.4ip . we only have to consider the terms in the LHS that arise 
by using one of the symbols FJ^^ , F^^^q to a pair Vi^Xy where is a divergence 
index and Xy is contracting against the important factor (and where in addition 
y has been assigned a value o, ■ ■ • , «,)• 

Now, observe that there can be no contractions arising from an assignment 
ass G ASSIGN^ with an index y having been assigned the value o, and the same 
index ,„ contracting against an index ^ in the important factor in C'''i'^(g): In 
that case, the index {, would have been assigned a value oo, which contradicts 
the fact that ass e ASSIGNK 

So we only need to observe that we may discard any complete contraction 
that arises when we use the symbol F^j, to a pair of indices (Vi^, fe) where Vi, 
is the divergence index and k is contracting against an index in the important 
factor-this follows because r°°j, = —gi^k and the Weyl tensor is trace-free. This 
proves our claim. □ 

Next, we wish to analyze 

E l{ass[Xdiv,,Xdiv^^&^'''^g)]}. 

assSASSIGN' jGBRass 

Using the definition of ASSIGN* and the Christoffel symbols for g, we 
observe that: 



Y l{assAmb[Xdivi^Xdivi^C^^'''^{g)]} = 

asseASSIGN' jeBRass 

- -^Xdtv,,C'''^{g) - -±-Xdiv,,&^'-{g) 
n — 6 n — 6 

2 ^ (2-44) 

+ 7 ^( 7T^'(-9)+ E btXdiv,,...Xdiv,^C''^--^-^{g) 

(ri — 3 (n — 4) ^-^ * 

+ htXdiv,,...Xdiv,^C'^''-'-^{g)+Y'^oC'{9)- 
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Note: The first three terms in the RHS arise by applying the Christoffel symbol 
^isO ~ ^is least onc e ( we also use the first Bianchi identity here-the details 
are left to the reader) o It is easy to observe that the sublinear combination 
that arises when the symbol F^^q = 5^^ is never applied will equal X]teT«« ■ ■ ■ ■ 
Finally, we must understand the sublinear combination 

^ -i{ass[Xdiv,,Xdiv,^&'''^''^{g''+^)]]. 

ass£ASSIGN+ -yeBRass 

We calculate that: 



V assAmb[Xdiv,,Xdiv,,C'^'''^%g)] = ,, C'(g) 

aBs£ASSIGN+ ^ ' 

+ Xdiv,,&^''{g) + Xdiv,,&''-{g) - -^-^^C\g) (2.45) 

+ atXdiv,,...Xdiv,^C''''-''^{g) + YajC^i9)- 
t£Tt» jeJ 

Note again, the first four terms in the RHS arise by applying the Christoffel 
symbol Ff q = 5f at least once (we also again use the first Bianchi identity). 

Thus, in view'of by just adding up the equations ((07|) . 

((239)) . ((2:44)) . ((2:45)) we derive Lemma [Ol □ 



Proof of Lemma I2.3t 



Now, to show Lemma 12. 3[ we recall the notational conventions from the 
statement of the Lemma and introduce some additionnal oneslf^ Recall that 
X]/eF '^f^^ (9) stands for a generic linear combination of complete contractions 
in the form ()1.2|) with 6w > 2. Also, X^teTtt atC'*'*^ ' *"* (g) will now stand for 
a generic linear combination of tensor fields in the form (|1.2p with at > (i.e. 
with at least one free index) and with one internal contraction. All equations 
in this proof will hold modulo complete contractions of length > a + I. 

Now, for each C'"{g) as in the statement of Lemma [2731 we consider WiC'"{g) 
(which is thought of as the sum of a partial contractions). Then, for each v G V 
we consider the linear combination XdiVi[ViC^ (g)] and we construct its ambient 
analogue (see the Definition 12. 2p : 



Amb{Xdivi['^iC''{g)]}. 

We then claim: 



Lemma 2.10 For each v G V : 

^^Here comes from an index Vi^, , from one of the divergences divi-^ , divi^ . 
^"The reader should note that the notational conventions here are different from the ones 
in the proof of the previous Lemma. 
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Amb{XdtvdV,C^{g)]} = 2A,C"'(5) + Mt;,[V,C"'(g)] + ^ afC^ig) 



(2.46) 



tGT« 

modulo complete contractions of length > cr + 1 . 

We observe that if we can prove the above, then Lemma 12.31 follows from 
two easy observations: Firstly: 

Xdiv,[^,C-{g)] - divA^,C-{g)] = -KC^{g). 
Secondly, for every t &T'^: 

Xdivi^ . . . Xdivi^^C^''^-''^^ {g)-dm,Xdiv^^ . . . Xdiv^^^C*-''-^-^* {g) = ^ afC^g) 

Thus, it suffices to show Lemma [2. 101 

Proof of Lemma \2.1(k Firstly, we will number the factors in C" {g) and 
denote them by Fi, . . . ,Fc. Then, we will denote by VlC'"{g) the vector field 
that arises from C'"{g) by replacing the factor Fr by Vi^V- We also denote by 
m,r the number of derivatives in the factor Fr = ^''"^^^Wijki- 

We will then show that for any t, 1 < t < a: 

m +2 

Amh{Xdiv,[VlC-{g)]} = /KC"{g) + XdivA^lC^ {g)] + -^--KC^g) 

n — Z 

+ Y.afCf{9)+Y. atXdiv,,...Xdiv,^C''''-''^{g). 

(2.47) 

In view of the equation X]t=i('^t + 2) = n — 2, (|2.47p implies Lemma [2. 101 

Proof of \2.4T^ '- We will show this equation using the notions of assignment 
and break-ups from subsection 12. II 

We recall the following fact regarding the ambient metric: Consider any 
tensor T = 'Sl'^^}^...r^Rijkii where all the indices ^2 1 • ■ • , r„ , i, fe, z have values 
between i and „. It then follows from the formula doogab = "^Pab in HH] that: 

T = -^^AV(^-ij^M^,jM + ^ a4T'^(5)(<^5- • ■®9)U...r^^]ki+Q{R). (2.48) 

heH 

where each tensor T'''{g) is in the form V*^™ '^Wiju with at least two internal 
contractions. 



32 



Furthermore, it can be seen from [17], [18] that any component T' = yrT.-r,„Rijki 
where at least two of the indices ^ , • ■ • , / having the value oo can be expressed 
as: 

T'^Y. ah[T\gmg • • • ® g)U...r^^Jkl + (2.49) 

with the same conventions as above. 

Now, for the purposes of the next definition we write out Anib{Xdivi[WlC"{g)]} = 
^fZi Amb[C^(g)]. We prove our Lemma by examining the right hand side of 
the equation: 

cr-l 

Amb{XdtvA\/lC"{g)]}^Y. E E lWss[Amb[C\g)]]}. 

t=l asseASSIGN* -leBRa,, 

(2.50) 

It will again be useful to break the right hand side of the above into sub- 
linear combinations. We will now call the factor Fr (to which Vi belongs) the 
important factor. We will also call the index V; in that factor the "free index" . 

Definition 2.9 Refer to 112.50]} . Consider any fixed Amb[C^{g)]. We write 
ASSIGN instead of ASSIGN* for simplicity. 

We define ASSIGN^ C ASSIGN to stand for the index set of assignments 
where at least two different indices in Am6[C*((?)] are assigned the value oo- 

We define ASSIGN^ C [ASSIGN \ ASSIGN') to stand for the index 
set of assignments where the pair of values (oo,o) *s assigned to at most one 
particular contraction, and moreover if such a pair is assigned to a particular 
contraction (ajb) then neither a nor i, belongs to the important factor. 

We define ASSIGN^ C {ASSIGN \ ASSIGN-) to stand for the set of 
assignments in [ASSIGN \ ASSIGN^) that assign the pair of values (o,oo) 
to exactly one particular contraction (a,6) where in addition a belongs to the 
important factor. 

We define ASSIGN* C [ASSIGN \ ASSIGN-) to stand for the set of 
assignments in [ASSIGN \ASSIGN~) that assign the values (oo,o) to exactly 
one particular contraction [a,b) where in addition a belongs to the important 
factor and is not the free index Vi . 

We define ASSIGN+ C [ASSIGN \ ASSIGN-) to stand for the assign- 
ment in [ASSIGN \ ASSIGN~) that assigns the value oo to the free index Vi, 
(and the value q to the index against which it contracts) and does not assign 
this value to any other index. 

Clearly: 

ASSIGN = ASSIGN- [j ASSIGN* [j ASSIGN^ [j ASSIGN* [j ASSIGN+ ; 

(2.51) 

(where in the above |J stands for a disjoint union). 
Firstly, by virtue of (|2.48l) . ()2.49p we observe that: 
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J2 ass[Amb[Xdiv^[\'lC''{g)]]] = J2afC^\g). (2.52) 

asseASSIGN- feF 

By repeating the cancellation argument from equation (|2.4ip we derive that: 
J2 ass{Amb[Xdtv,[VlC^gm = X dzv,[Vl C^g)] + !^:^A;C'^(g) 

ass£ASSIGNi 

+ atXdm, . . . Xdivb^C'^''-'"* (g) + ^ afC^{g). 

(2.53) 

Note: The expression A^C^ (g) arises from the assignments where no index 

is assigned a value oo , by applying — —gia to the pairs of indices ^ , ^ is 
the free index) in the important factor. 

ymbol I 0, 

derive: 



Now, by virtoe of the Christoffel symbol T^.^ — 5^, we straightforwardly 



^ asslAmblXdiv.lV^^Cig)]]] = 

asseASSIGN^ 

^ A>;[C-{g)]+J2aMv,,...Xdtv,^C'^'^-'^^{g) + J2afCf{g). 

k=i,k^T text feF 

(2.54) 

Furthermore, we derive: 



ass{Amh[Xdiv,[yiC''{g)]]} 



asseASSIGN* 

"^^^^^IC^ig) + Y atXdiv., . . . Xdzv.^C'''^-'-^ (g) + ^ afC^g). 

teTt feF 

(2.55) 

Note: The subhnear combination ^^^^^A^C'"{g) arises as follows: Recall that 
ass G ASSIGN* assigns one pair of values (oo, o) to any particular contraction 
(a, b) where a belongs to the important factor and a is not the free index i. The 
coefficient then arises when we use the Christoffel symbol F^q = to the pair 
ViXf, (where Xf, stands for the index that is contracting against the index „ in 
the important factor-hence b has been assigned the value o)- The second Bianchi 
identity is also employed here. 
Finally we calculate: 
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J2 ass[AmbXdiv,[^^C"{g)] = !^AJ!^L±^a;C"(5)- 



asseASSIGN+ ^2 55) 

atXdiv,, . ..Xdm^^C''^-'-^ (5) + ^ afC^ig). 
t£T» feF 

^-^-^(™^-^+^'> AlC^{g) arises by assigning the pair (00,0) to the divergence pair 
(i, V'). The coefficient ""^"^^^"'"^^ arises by virtue of the formula f^Q applied 
to any pair (Vi, X^). (Recall that there the diregence index is assigned the 
value o)- 

Plugging the equations (|2.52p - (|2.56l) into p.50p we obtain our Lemma 12.31 

□ 



3 Proof of Lemma 11.41 : The divergence "piece" 
in Pig). 

The aim of this section is to prove that when P{g) is as in the hypothesis of 
Lemma 11.41 then the sublinear combination J^ieLi ^'■^''id) ^(sjill can be 
cancelled out (modulo introducing new "better" terms as in the statement of 
Lemma II. 4p by subtracting a divergence of a vector field, as allowed by the 
Deser-Schwimmer conjecture. 

Again, we rely on the only tool we have at our disposal, which allows us 
to pass from the invariance under integration enjoyed by P{g) to a local equa- 
tion: We consider the linear operator Ig{(f>) '■— [3j|t=o[e"*'^-P(e^*'^g)], for which 
/a/" ^ni^)'^^g ~ 0- The aim is to invoke the super divergence formula for 
Ig {(f) 1^ to derive the claim in the previous paragraph. The are two challenges 
one must address: Firstly, how can one recover X)/eLJ '^'^'(s) by examining 
/g(0)? Secondly, how can one use the super divergence formula for Ig{4>) to 
derive the claim on X^/slj c(jC'((7)? 

The first challenge is not hard; it follows by studying the transformation 
law of covariant derivatives of the Weyl curvature, paying special attention 
to internal contractions^^ This is carried out in subsection 13.11 The second 
challenge is not straightforward; one difficulty, already discussed in [3] , is again 
that a direct application of the super divergence formula to Igi4>) does not 
imply Lemma ll.4l For that reason, we must formulate certain "main algebraic 
propositions", see Propositions 13.11 and 13.21 in subsection 13.21 below, which will 
allow us to derive Lemma 11.41 from the super divergence formula applied to 
/g ((/)). These propositions can be viewed as analogues of the "main algebraic 

Recall that X]igLJ '^l^^id) stands for the sublinear combination of terms with length cr 
and j internal contractions; recall that j > 2 and all other terms of length cr in P{g) are 
assumed to be in the form l|1.2|l with at least J + 1 internal contractions. 

•^^Which expresses Ig{<t>) as a divergence, Ig{<t>) = diViTg{(j}) 

'^''See the definition above Proposition ll.il 
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Proposition" in subsection 5.3 [3]; all three of these algebraic propositions will 
be proven in the series of papers [H [3 [8] . 

However, there is an additional important challenge in this case, briefly 
discussed at the end of subsection 11.11 In a nutshell, the problem concerns 
a certain "loss of information" which occurs when we pass from Ig ((/)) (which 
satisfies the integral equation Ig ((j))dVg = 0) to the super divergence formula 
apphed to Il{4>), supdiv[Ig{(l))] = 0. As explained at the end of subsection 
11.11 upon examining the terms with a + 1 factors in Ig{4>) which also have a 
factor we can recover the sublinear combination X]/6Lj o,iC^{g) in P{g). 

However, when we examine the terms of length ct + 1 in supdiv[Ig{4>)] — with 
a factor V(/), we find that those terms arise both from the sublinear combination 
{Ig{if)y)\j^ but also from the sublinear combination of terms X)gGQ '^q^'^id) ' 
in (|1.8p (which contain a factor A0; this factor gives rise to a factor V0 in 
the super divergence formula, due to integrations by parts). Therefore the 
additional challenge in this case is that we must somehow "get rid" of the 
potentialy harmful terms in X^geQ ^g^'^id) ' ^i4')j we note that apriori we have 
no information on this sublinear combination. We achieve this goal by virtue of 
the fact that the terms in X^zslj '^i^^q) in the hypothesis of Lemma [T^]) have 
at least two internal contractions belonging to different factors^^ Using this 
fact, we are able to use the super divergence formula supdiv[Ig{(l))] = (and 
the "main algebraic propositions") in two different ways, in order to first "get 
rid" of the potentially harmful terms in X^geg '^q^'^{9) ' ^{4>) and then to derive 
Lemma 11.41 



3.1 Preliminary work: How can one recover P{g) from 

As preliminary work for this section, we will study the images Image]p[C{g)] of 
complete contractions C{g) in the form (|1.2p with weight —n and length crF^ 

In order to do this, we will study the transformation laws of tensors T = 
V"!---'""'' v['|"i'.r„ Wr„+ir„+2r„+3r™+4, where each of the indices is contract- 
ing against an index and all the other indices in Th{g) are free. For each 
such tensor Th{g), we define Image\[Th] to stand for the sublinear combination 



that involves factors V^P^cj) with p > (i.e. we are excluding the partial con- 
tractions with a factor (j), without derivatives). 

Clearly, for each complete contraction C{g) in the form (fTT 



•^•^In ll.ll we denoted the sublinear combination of those terms by (Ig((f>))'^^-see 111.81 1. 
•^^ Recall that we were able to reduce ourselves to this setting by virtue of our elaborate 
constructions in the ambient metric in the previous section. 
36Recall that Image^^[C{g)] = ^ |t=o[e"*'^C2*'^g)]. 
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<J 

Image\[C{g)] = Y,C''''^^'^\9), 

h=l 



(3.1) 



where C^'^'''^^^\g) stands for the complete contraction that arises from C{g) by 
replacing the factor Th by Image^[Th] and then contracting indices according 
to the same pattern as for C{g). 

Transformation laws: Recall that the Weyl tensor is conformally invariant, 
i.e. Wijki{e^'^ g)e^'^Wijki{g) ■ Recall also the transformation law of the Levi- 
Civita connection: 

'^kmie^'^g) = ^kmig) - ^k<hi - ^i<t>r]k + ^'Hsgki- (3.2) 

Now, in order to perform our calculations, we will have to introduce some 

notational conventions. For the purposes of this subsection, when wc write 
V'^"^^Rijki,'V^"^^Ric or V'^^i? {R is the scalar curvature) we will mean a ten- 
sor in those forms, possibly with some internal contractions. Also as usual, 
whenever wc write V'^'"-'i?yfe; wc will mean that no two of the indices i,j,k,i 
are contracting between themselves and, when we write V'^^^Ricij we will mean 
that no two of the indices i,j are contracting between themselves. 

Notation: We will denote by T"{(j)) a partial contraction of the form 

(3.3) 

where the factor V0 is contracting against one of the indices n , • • • > r„+4 in the 
first factor. T^{(j)) will stand for a partial contraction in the form: 

Vl7!L„^uwA</.. (3.4) 
T'^{(j)) will stand for a partial contraction in the form: 

Vl;").,„i?.,fciV,0, (3.5) 
where ^ is a free index. T^{(j)) will stand for a partial contraction in the form: 

y'rTL^RijkM^J<f>, (3.6) 

where both y and x are free indices; finally, T^{(t>) will be a generic tensor product 
in the form: 

Vi^L^RijkMjll^J (3.7) 

where either p > 3 ot p = 2 and at least one of the indices si , S2 is contracting 
against the factor V'^^^^Riju- 

We also generically denote by .TLi<t>) ^Tl^M , ^.M, T^,,{cf>), 

"^Rici^) tensor fields that are as above, but only with the factor V^''^"' Rijki for- 
mally replaced by an expression V^"^''[Ric® g\ijki (the indices i, j, fe, ; belonging 
to the factors Ric,g). We also denote by r^(0), T^(0), T^(0), r|(0), T^((/>), 
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T^{(j)) tensor fields that are as above, but only with the factor V^"^''Rijki re- 
placed by an expression V(™^i? ® g]ijki- 

Now, for each factor in one of the 15 forms above, we will denote by S the 
total number of internal contractions in the curvature term (i.e. in the factors 
RiCab = R^akb and R = R'^^ab we also count the internal contractions in R 
itself )-notice that in our definition any internal contractions in the factor V^P'lcj) 
do not count towards S. We will then denote by X](5>t ^ generic linear com- 
bination of tensor fields in any of the forms above other than p.7p (and its 
analogues when we replace V^"^^Rijki by V^™^i?ic (g) 5 or V^^^i? (8> g), with at 
least t internal contractions in the curvature factor. We will also denote by 
J2irreievant ^ ^ generic linear combination of tensor fields in the form (|3.7p or 
its analogues when we replace ^^"^^Rijki by V^"^^Ric ^ g or V^™^i? <^ g ^ g. 

We will first use the notation above in studying the transformation law of 
normahzed factors V"! ■ •^"t Vr™^.r™ VFyfei , where each of the upper indices 
contracts against a lower derivative index Ell Using the transformation law 
for the Weyl curvature and the Levi-Civita connection (see the subsection 2.3 
in [3]), we calculate that modulo partial contractions of length > 3: 



Imagel[V^'^-^^^Vi^l^^W,,ki] ^ {t ■ {n - 2) - 4Q )V'^--* V(';:),^i?.,fc,V'^^</. 

5— i — 1,A 5>i irrelevant 

(3.8) 

The sublinear combination '}2,s=t-i A stands for a generic linear combination 
of partial contractions in the form p.4p with t — 1 internal contractions. 

We now consider a factor T = V''"i vf™^.r„Wrm+ir™+2r„+3r„+4 where 
exactly one of the indices ''"i , . . . , is contracting against one of the internal 
indices in the factor Wr„+ir„+2'-m+3r„+4- With no loss of generality we assume 
the index ''"1 is contracting against the index i = rm+i j and we write the factor 
T in the form: 

In that case we apply the transformation law of the Weyl curvature and the 
Leci-Civita connection to derive that: 

+ [{t - l){n - 3) - 4Q ^3 
E ^+ E T + E ^' 

5— t — l ^negligible 5—t—l./S. Syt irrelevant 

"^^Thus the above factor has t internal contractions in total. 
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where the subhnear combination J2s=t-i negligible ^ stands for a generic hnear 
combination of contractions in the form ^""3 ■ Vr™'.r„,^yfei with t — 1 
internal contractions (notice that V0 is contracting against the index j and the 
index i is also involved in an internal contraction). The sublinear combination 
S(5=t-i A stands for a generic linear combination of partial contractions in 
the form p.4p with t — 1 internal contractions. 

Finally, we consider the transformation law of factors 
T = - Vr™^.r,„VFr„_^ir-„+2i-„+3r„+4 whcrc morc than one of the indices 
''"1 , . . . , is contracting against one of the internal indices in W^r„+ir„+2r„+3r„+4 • 
In view of the anti-symmetry of the indices i,j and k,i, we may assume that 
there are exactly two of the indices contracting against internal indices in 
the factor Wijki (modulo introducing quadratic correction terms); moreover (for 
the same reasons), we may assume with no loss of generality that the indices 
i-ai^Ta^ g^j.g contracting against the indices i,k and also that the tensor T is 
symmetric with respect to the indices j , ; (this is because of the first Bianchi 
and the antisymmetry of i, j). Thus in this setting we write the factor T in the 
form: 



We then calculate: 



+ 4)(^^)V^'-"3-'-"t v(™),^%fe,VV 
n — 2 

+ {t- 2)(n - 3)V''=''"— v(™).,^i?yfe,V"3c/. 



S—t—l.A S—t—1, negligible S—t—1,^ (5>t irrelevant 



(3.10) 



Here X^s^t-i * stands for a generic linear combination of contractions in the 

form V''''(/)Vi™!^s^pt+i-R where vi™^i^^'^ii? is a factor of the scalar curvature, 
the factor W^4> contracts against that factor and the total number of internal 
contractions in this ternj^ is (5 — 1. The other linear combinations in the last 
line of p.lOp follow the same notational conventions as for the RHS of (|3.9p ). 

Let us finally recall from the subsection "Technical tools" in [3] the formu- 
las concerning the decomposition of iterated covariant derivatives of the Weyl 
tensor. 

We make two notes regarding (|3.8p and (|3.9p : Firstly the coefficients {t ■ {n — 
2) — 4(2)), (n — 3), etc. are independent of m. Secondly, since n > 4 they are 
nonzero: this is clear because by the weight restriction we must have t < 

These identities will be used later on in this section. 



'Including the two in R - 
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3.2 The main algebraic Propositions. 

Propositions 13.11 and 13.21 are the main tools we will need for this section. (As 
explained in the introduction, these two Propositions, together with the main 
algebraic Proposition 5.1 in [3] will be proven in the series of papers jHlEKH])- 
We will be considering tensor fields Cg^ - '" (fJi, . . . , flp, cf) of length cr + 1 (with 
no internal contractions) in the form: 

pcontriV'^"''^ R^jkl «) ■ • • ® V'^"''^ R^Jkl ® V^^^^f^i ^ ■ ■ ■ (g) V^^'^f^p (g> V0). (3.11) 
Here <t = s + p and , . . . , are the free indices. 

Definition 3.1 A complete or partial contraction in the form i3.ll]) will be 
called acceptable if the following conditions hold: 

1. Each bi > 2, (in other forms each function ^Ih is differentiated at least 
twice). 

2. No factors have internal contractions^^ 

3. The factor V0 is contracting against some other factor (in other words 
the index a in Va(/> is not a free index). 

The above definition (and also a generalized version of it) will be used very 
often both in this paper and in the following ones. For the purposes of the next 
Proposition we will introduce two more definitions which will be used only in 
the present paper. (For the reader's convenience we specify that the notion of 
type that we introduce below is a special case of the notion of weak character 
which we introduce in the paper [6 ). 

Definition 3.2 A complete or partial contraction in the form i3.11\) will have 
type A if the factor V0 is contracting against a factor V'^™'^ Rijki. It will have 
type B if the factor V0 is contracting against a factor V'-^^'ri/j. 

We will divide the type A contractions into two subcategories: We will say 
a (complete or partial) contraction has type Al if the factor Vcf) is contracting 
against an internal index in a factor V^™^ Rijki^^ has type A2 if it is contracting 
against a derivative index. 

We will also say that a (complete or partial) contraction of type Al has a 
removable index if "^i + E ^ in the notation of \3.11\] . 

Given an acceptable partial contraction with cr + 1 factors and a free indices, 
(jt^i...ia (^^^^ _ ^ j^^^ jj^ ^]-^g form (|3.1ip and any of its free indices , we recall 

that diVi^Cg^- -^" (fii, . . . , 17p, 0) can be written as a sum of cr + 1 partial con- 
tractions with (a — 1) free indices each; the t*'^ summand corresponds to the 
(a — l)-partial contraction that arises when the derivative hits the i*^ factor. 

•^^I.e. no two indices in the same factor contract against each other. 
^''(In other words, against one of the indices i,j,fe,;.) 



40 



Definition 3.3 Given Cg^ "'" (fJi, . . . , ftp, <j>) a partial contraction in the form 
hS.ll]) as above, we define Xdivi^Cg^^^^^'^ (fii, . . . , ilp, 4>) to stand for the suhlinear 
combination in diVi^Cg^'"^" (fii, . . . , VLp, 4>) which arises when the derivative 
is not allowed to hit the factor nor the factor to which the index belongs. 

Before stating our Proposition we make two notes regarding the notion 
of type, for the reader's convenience. Firstly, observe that if a tensor field 
(ji^i...ia f^^^^ ^ j-^^^ j^-j ^Yie form (|3.1ip is of type A or B then all the complete 
contractions in the sum Xdivi^ . . . Xdivi^Cg^'"^"^ (fii, . . . , Hp, (p) will also be of 
type A or B. Secondly: Consider a set of complete contractions, {Cg{^i, . . . , V,p)}i^L, 
where all the complete contractions are in the form (j3.1ip with a given number 
CTi of factors V'™-'i?ijfci and a given number P or factors V'-^-'il^. Let C L 
stand for the index set of complete contractions of type A and C L he the 
index set of complete contractions of type B. Assume an equation: 

Y,aiCl{ni,...,np) = o, 

leL 

which is assumed to hold modulo complete contractions of length > ct + 2. Then, 
using the fact that the above holds formally, we can easily derive that: 

aiCl{n^,...,np) = Q, 

^ a,C^(r!i,...,r!p)=0. 

(Both the above equations hold modulo complete contractions of length > a+2). 

We are now ready to state our two main algebraic propositions: 

Proposition 3.1 Consider two linear combinations of acceptable tensor fields 
in the form iS.ll]) . either all in the form B or all in the form A2, 

leLi 
ieL2 

where each tensor field above has length a + 1 > 4 and a given number a\ of 
factors in the form V^^'i^^fc;. We assume that for each I G L2, Pi > a+1. We 
assume that modulo complete contractions of length > a + 2: 

J2 aiXdiv,, . . . Xdiv.^C'g'^-'- {nu . ■ ■ ,np,(j))+ 

/ ^ aiXdiVi^ . . .XdiVi^^Cg ' (fii, . . . , fip, 0) = 0. 
iei2 
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We claim that there is a linear combination, J^reR o.rCl'^^'"^"'^^ {fli, . . . , fip), 
of acceptable {a + 1) -tensor fields in the form HS.ll]) . all with length cr + 1 and 
ui factors V^^^^Rijki and all of type B or type A2 respectively so thatW\ 

(3.13) 

modulo terms of length > a + 2. 

Second main algebraic Proposition: 

Proposition 3.2 Consider two linear combinations of acceptable tensor fields 
in the form iS.ll]) . all in the form Al, 

leLi 

where each tensor field above has length cr + 1 > 4 and a given number a\ of 
factors in the form Rijki ■ We assume that for each I e L2, Pi > a + 1. Let 
X^jej ^j^g(^ii ■ ■ ■ I stand for a generic linear combination of complete 

contractions in the form iS.ll]) of type A2. 

We assume that modulo complete contractions of length > a + 2: 

aiXdiv,,...Xdiv,^C'/'-'-{ni,...,np,(f>) + 

aiXdiv,, . . . Xdiv,^^ c'g"'-"'' {^lu...,%,^)+Y. • • • , f^p, 0) = 0. 

(3.14) 

In the one case where a — 1 and the tensor fields indexed in Li have no remov- 
able free index¥^ we impose the additional restriction that all the tensor fields 
indexed in Li must have the free index not belonging to the factor against 
which V(/() is contracting. 

Our claim is that there is a linear combination of acceptable {a + l)-tensor 
fields in the form I13.11\) . all with length + 1 and a\ factors V^^^Rijki and all 
of type type Al, X^rei?, irCg'*^ "*"^^ (fli, . . . ,D,p), with length a so that^^ 

41 Recall that given a /3-tensor field T'l , T'-^i---ic,)---ii3 stands for a new tensor field 
that arises from J'n- -.»a-- s3 symmetrizing over the indices *i . 

^■^Notice that by definition and by weight considerations, if one of the tensor fields indexed 
in Li has this propoerty then all the tensor fields indexed in Li must have this property. 

43Recall that given a /3-tensor field ■ , T'-n---ia)---ii3 stands for a new tensor field 

that arises from J"i>- -,»a-- s^ symmetrizing over the indices '1 , . . . , '° . 
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^azC^^(*-''=) (Hi,..., = 

reR jeJ 

(3.15) 

modulo terms of length > cr + 2. Here the tensor fields - are all accept- 

able and of type A2. 

Note: The conclusions of the two Propositions above involve (symmetric) 
tensor fields of rank a. Clearly, if we just introduce new factors Vi;0 and 
contract it against the indices , . . . , *° we see that equations p.lSp implies: 

'^"^^ (3.16) 
^ arXdiv,^^,Cl'''-'-'-^' (f^i, . . . , %)V,,v. . . V,„z;, 

rGi?, 

modulo terms of length > cr + a + 2^1 Similarly for (j3.15|l . In fact, (|3.16|) and 
p.lSp are equivalent, since (|3.16p holds formally. We will find it more convenient 
below to use (|3.16l) instead of p.lSp (and similarly, we will use the equation that 
arises from (I3.15P by contracting the free indices against factors Vv). 
Let us also state a Corollary of these two Propositions: 

Corollary 1 Consider two linear combinations of acceptable tensor fields in the 
form i3.ll]) . (with no restriction on the "type" of the tensor fields): 

leLi 

J2aidg''-'''{n,,...,np,cf>), 

where each tensor field above has length o" + 1 > 4 and a given number a\ of 
factors in the form V'^'^^ Riju- We assume that for each I £ L2, Pi > a + 1. 
We assume that modulo complete contractions of length > a + 2: 

J2 aiXdiv,, . . . Xdiv^^CY'-'" {^u ■ . ■ ,^pA)+ 

7 ^ aiXdiVi^ . . . XdiVi^^Cg ' (fii, . . . , fip, 0) = 0. 

ieL2 



■^^Here \/v is some scalar- valued function. 



■^^Recall from [3] that for a tensor field Tg^ ' "'''^{4>,v) involving factors V(/>, Vi), 

Xdivj^Tg^'"''^ {4>,v) stands for the sublinear combination in diVj^Tg^'"''^ {(j),v) where the 
derivative V-"! is not allowed to hit to which the index belongs, nor any of the factors 
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In the one case where a = 1 and the tensor fields indexed in Li have no re- 
movable free index, we impose the additional restriction that all the tensor fields 
indexed in Li must have the free index not belonging to the factor against 
which is contracting if the tensor field {^i, • ■ ■ , <t>) is of type Al. 

Our claim is then that there is a linear combination of acceptable (a + 1)- 
tens or fields in the form \3.11\) . all with length a + 1 and ui factors V^'^^Rijki, 
Srefl'^''^9'*^ ■ • ■ j^p); length a so that: 



^ aiC'/'^-^-Hn^, ...,np,^) = J2 (3.18) 

modulo terms of length > a + 2. 

Corollary [I] follows from Propositons \3.1[ \3.2\ We prove this as follows: 
Divide the index sets Li, L2 into subsets L^, Lf and L^, L^, according to the 
following rule: We say I e L^/l e if the tensor field Cg''i - '° (fii, . . . ,flp, (/))/ 

Cg (rJi, . . . , rip, 0) is of type A. We say / e Lf // e if if the tensor field 

C^'^-^''{ni,...,np,cj)) /Cg'""'"'{ni,...,np,(l)) (in the form (HH])) is of type 
Br^l Observe that since p.l2p holds formally, then: 



J2 aiXdiv,,...xdiv,^&/'-'-ini,...,np,(i>)+ 

aiXdivi^ . . . Xdivii^^Cg^^'"^'^' {^i, . . . ,i}p,(j)) =0, 



(3.19) 



aiXdiv,, . . . Xdiv.^CY'-'" {^1,..., fip, (^)+ 
aiXdivi^ . . . Xdivi^^ (^^^ _ _ ^ ^ q. 



(3.20) 



where both the above equations hold moldulo terms of length > a + 2. We will 
prove the claim of our Corollary separately for the two sublinear combinations 
indexed in i^, Lf. We first prove p.lSp for the sublinear combination indexed 
in L^: 

We just appy Proposition 13. II to (|3.20p to derive that there exists a tensor 
field J2reR^ arCg'*^ "*°+^(ili, . . . , Hp, <p), as required by our Corollary, so that: 



^'^See Definition 13:21 
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modulo terms of length > a + 1. This proves (|3.18p for the sublinear combina- 
tion E/GLf CLlCg^'''-'''\ 

Now, we prove (j3.18p for the sublinear combination indexed in Lf. We 
claim: 

Lemma 3.1 Assume ici.l9\) and Provosition UT^ Denote by Lf'* C Lf, L^'* C 
L2 the index set of tensor fields of type Ai . We claim: 

1. There exists a tensor field X^rei?-* ^rCg'*^ (^^i, • ■ ■ , ^^p, <P), as required 
by CorollaryUl so that: 

tGT 

(3.22) 

where the partial contractions indexed in T in the RHS are all acceptable 
in the form Ii3.11\) with length a,ai factors ^^"^'^Rijki and have type A2. 
The above holds modulo partial contractions of length > a + 2. 

2. Assume V3.1}^) . with the additional assumption that Lf'* = % we claim 
that we can write: 

aiXdivi^ . . .Xdiwi^^^Cg {Qi, . . . ,rjp,0) = 
arXdiv,, . ..Xdiu,^Cl^''-''''''+\ 

teT' 

where the complete contractions indexed in T' in the RHS are all in the 
form iS.ll\) with length cr, (Ti factors V'^"^^ Rijki, rank j3i > a + 1 and have 
type A2.The above holds modulo complete contractions of length > a + 2. 

Observe that proving the above Lemma would imply Corollary [TJ 

We first prove (I3.22p : we invoke the last Lemma in the Appendix in [3] to 
derive: 

aiXdiv^, . . . Xdiv.^Cl^''-'- {Qi, . . . ,np,q)) = 
Y arXdivi,...Xdivi^Xdiv,^^,Cl'''-''''''+^ni,...,np,<j>) (3 24) 

reR^ 

+ J2 atXdiv^, . . . Xdiv^^ , . . . , rip, (j)), 
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modulo complete contractions of length > cr + 2. Now, replacing the above into 
(|3.12p . we derive a new local equation: 



+ arXdm, . . . xdiv^^xdm^^,ci''^-''''''+^ini, . . . ,np,4>) 

(3.25) 

+ ^ atXdiv,, . . . Xdiv.^C^^ (r^i, . . . , 17p, 0) 

teT 

+ Yl alXdiv^,...Xd^v^^Cl'''■''{nl,...,np,cj))=0, 

ieLf\Lf-' 

which holds modulo terms of length > a + 2. Now, applying p.23p to the 
aboverl we derive that we can write: 



aiXdivi^ . . . Xdivi^^ ^i,ti---ii3, ^^^^ ^ ^ ^ 



leL^-' 

+ Y arXdm, ... Xdiv^^^,Cl'''-''''''+' {ni, ... ,np,<j>) (3 26) 

= Y, atXdiVi^ . . . Xdivifj^ ^Mi.-.i^, (f^^^ _ ^ 
tef 

which holds modulo complete contractions of length cr + 2. The complete con- 
tractions are as the ones indexed in T' in the RHS of p.23p . 

Now, replacing the above into (j3.25p we derive a new local equation, where 
all the tensor fields of length a + 1 are of type A2. Thus, we are in a position 
to apply Proposition 13.11 We derive that there exists a linear combination of 
(a + l)-tensor fields as in the claim of Proposition 13.11 indexed im i?+ below, 
so that: 



Lt\Lt- teT 



rei?,+ 



modulo terms of length > (7 + 2. Now, adding (I3.22p and p.27p we derive Corol- 
lary ([1]). □ 



■'^We treat the sum of Xdiv's indexed in T, \L^'* as a generic linear combination 5Djg j 
(see the statement of Proposition 13. 2t . 
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Proof of Lemma \3.1l ' The first claim follows by applying Proposition 13. II to 

To derive the second claim, we proceed by induction: Let Pmin > a be the 
minimum rank among the tensor fields indexed in L^'*; denote the correspond- 
ing index set by apply Proposition 13.21 to (|3.12p (where the 
minimum rank among the tensor fields indexed in '* is now Pmin)', we derive 
that there exists a linear combination of partial contractions in the form (|3.1ip 
of type Ai, each with length a, with <7i factors V'^"^^ Rijki and rank (3min + 1, 
indexed in below, such that: 



^ aiCg^*''"''''"'"''(f^i, . . . , rip, (/)) = 

(3.28) 

where the terms indexed in have all the features of the tensor fields indexed 
in Tj^'*'''™-" ^ they are of type A2 rather than Al. Iteratively applying the 
above step, we derive p. 23p m □ 



3.3 Proof of Lemma II. 4i 

Recall that we are assuming that all the complete contractions C^{g),l G 
in P((7jf^ have at least two of their internal contractions belonging to different 
factors. Observe that since j > 2 we must have (t < ^ — 2. 

We wiU again consider /gH </>)(:= ^ lt=o[e"*'^^'(e^*'^5)]). Recah that using 
(|3.ip . (|3.8p . (|3.9p . (|3.10p and the first two formulas from subsection 5.1 in j3] 
we may express Ig{<t>) as a linear combination of complete contractions in the 
form: 



(3.29) 

Recall that for each C^g) of length <t in P{g)^ Image\j^[C^{g)\ stands for the 
sublinear combinations in Irnage]^[C'^ {g)^^ of contractions (in the form (|3.29p ) 
with V^^'V = or V^''^ = respectively. 

**We treat the sum of Xdiv's indexed in L2 as a sum X]jgj ■ ■ . , as in the statement of l3.2l 

''^Notice that since all local equations we deal with involve complete contractions of a fixed 
weight — n, the maximum possible number of free indiexes among tensor fields in the form 
(|3.11|l is ^. Therefore we derive l|3.23| l after a finite number of iterations. 

^"^Recall that Lcr C L stands for the index set of complete contractions in P{g) with (min- 
imum) length (7. Recall that C stands for the index set of complete contractions in 
IDigi O'lC^id) with the (minimum) number j of internal contractions. 

siRecall that Image\[C\g)] = e"'*C'(e2'*c,) - C\g). 



47 



By virtue of the formulas in subsection 13. II fsee especially (|3.ip . (|3.8p . (|3.9p . 
(|3.10P and also the first two formulas from subsection "Technical Tools" in [3]) 
we observe that all the complete contractions in I'magelj^[J2ii=L^ ^i^^g)] will 
have Sr > j — 1; furthermore, (for the same reasons) it folows that any complete 
contraction with 5 = j — 1 and with /3 > factors V^^^ RiCab, then the indices 
a, b in each such factor must contract against each other. We calculate: 

Image\[Y, aiC\g)] = Image\j^[Y, ciiC\g)]+ ^ a„C^(0)+ ^ a,C^(0), 

(3.30) 

where '^^£11^4, '^'^^ a ^ generic linear combination of terms in the form 

(P:^ with length a + 1 and a factor V^^V = A(j). J2x&x a^jCg ((/))stands for 
a generic linear combination of complete contractions in the form p.29p with 
either length > a + 2 or with length a + 1 and a factor V^'^^cj) ^ A0. 

On the other hand, we see that for any complete contraction C\g) of length 
> cr + 1 in P{g): 

Image\[C\g)]^ ^ a„C,"(0) + ^ a,Cg-(0), (3.31) 

(with the same conventions as above). 

For future reference we denote by Image^^ *[^(5)|ct] the sublinear combina- 
tions in Image^[P{g)\„] that consists of complete contractions with no factors 
V^P^ffic, and with a factor V0. 

Now, we need two main technical Lemmas for this subsection. We will be 
considering a linear combination Yg{(f)) in the form: 

a 

^.W = E{ E ^uC^{^)+ ^ a^C^m+Y^a^C^gi^). (3.32) 

All the complete contractions Cg{(j)) here have a + 1 factors. The linear com- 
bination '^xex '^x^g W ^ generic linear combination as defined earlier (see 
discussion under (|3.30[) ). Each complete contraction indexed in C/y^, v > has 
a factor V0 and v factors V^P'>Ric and either has Sn > j or has Sr — j — 1 
but then also has the property that in all its v factors V'^P^RiCab the indices a, b 
are contracting against each otherjfl if w = then Sr > j ~ I- Each complete 
contraction indexed in has a factor A(j) and v factors V'^P^Ric and there 
is no restriction on 5r. Thus a is an upper bound on the number of factors 
V^P^ Ric in the complete contractions Cg {(j)) in Yg{(j)). 

Note: Observe that Ig {(/)) is of the form p.32p above, where 

^ a,,Cl\<l>) = Image'^^[P{g)U (3.33) 

^^Equivalently, there are v factors V''''-R of the differentiated scalar curvature. 
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Remark: We remark that in (|3.33p . each Cg{(j)), u £ J7y^ with /3 > factors 
R (of the scalar curvature) will satisfy 5 > j — 1 + 2(3. This follows from the 
decomposition of the Weyl tensor, since each factor R in Cg{(f>) must have arisen 
from an (undifferentiated) factor Wijki in P{g)\„; thus a term with no internal 
contractions gives rise to a term with two internal contractions. 

We claim the following: 

Lemma 3.2 Consider Yg{(t)) as in iS.32]} . Assume that Jj^j„ Yg{(j))dVg — 0. 
Let Smin stand for the minimum Sji among the complete contractions indexed 
™ ^Aip U C^v^l^ denote the corresponding index sets by g , , U^^ g , . 

In the case where Smin < j ~ lEfl o'^'^ case Smin — i ~ 1 under 

the additionnal assumption that U^^j_^ — %, we claim that there is a linear 
combination of vector fields, X^/ieff '^'i^g (^<^)' eac/i in the form S3. 29]) with 
V^'^V — A(/i and with one free index, so that: 



^ V- (3-34) 

where the linear combinations in the RHS are generic linear combinations with 
the following properties: Each contraction indexed in S„^i„+i ''^ form 
113. 29\) . has a factors V^^^ Ric and a factor Ac/) and Sr = Smin + 1 • Each complete 
contraction indexed in C/^^ ^ . has a ~ 1 factors V^^^Ric, Sr — Smin and a 
factor A(j). 

On the other hand, if Smin > J ^ 1, and a > 0, we claim that there is a 
linear combination of vector fields, 'YlheH^h^^g '^i^)' that: 

(3.35) 

where the linear combinations in the RHS are generic linear combinations with 
the following properties: The terms indexed in U^^ 5 +i U S +1 



^''in other words Sjni„ stands for the minimum number of internal contractions in curvature 
factors (i.e. factors in the form V^"'^i?ijfei, V'^'^ffic^i,), among the complete contractions 
with the maximum number a of factors in the form V'^^'-Ric, and having afactor A(f> or V0. 
Observe by definition that if Smin < i — 1 then = 0. 

^^(In which case = as noted in the previous footnote). 
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have a factors \/^'P^Ric and Smin + 1 internal contractions in total, while the 
ones indexed in U^l^ have a — 1 factors V^^^ Ric and 6r > j and th 



e ones m 



^A4>^ have a — 1 factors \7^P">Ric (and there is no restriction on 5 a). 

We will prove Lemma 13.21 further down. For the time being, we will show 
how it implies Lemma ll.4l 



Lemma\K^ implies Lemma \L^ 

Observe that iteratively applying the above Lemma, starting with Yg{(f)) = 
Ig{(l)), we derive that there is a vector field, X^/ie-H '^hCg'^{4>) so that: 

heH 

where we recall that Image^^ *[^(.9)I<t] stands for the sublinear combinations in 
Image-jp[P{g)\cr] that consists of complete contractions with no factors V^^^Ric, 
and with a factor V^. Also, V„pr/o a„C"(0), V„p,,o atiC"(0) stand 

for generic linear combinations of complete contractions in the form (|3.29p with 
a factor V0, respectively <5ij; > j — 1, > respectively. 



Now, in order to prove Lemma 11.41 we examine the sublinear combination 
l7nage\j^ ^[P{g)\„]. We recall that C L stands for the subhnear combi- 
nation in P{g) of complete contractions with length a and j internal contrac- 
tions. We recall that for each C^{g), I G there must be at least two in- 
ternal contractions belonging to different factors. For every I € L^. we denote 
by Image^^ ^ j^[P{g)\cr\ the sublinear combination in Image^^ J^P{g)\a\ with 

Thus, we derive: 

Image\j^ ,^[P{g)\a] ^ /mage^^ +[P(g)|^] -f ^ ahC^{4,), ^-g 

h&H 

where each Cg{(f)) is in the form (|3.29p . has 5 > j, no factors V^^^Ric and a factor 
V(/) (notice this fits into the generic linear combination X^uetf" o,uCni4'))- 

In view of the above, we may integrate (|3.36p to derive a global equation of 
the form: 

/ Image'^^^,^4P{g)\,]+ ^ a„C"(5)A,/> 
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We now show how to derive Lemma [1.41 from the above. In order to do so, 
we will introduce some more notational conventions. 

Definition 3.4 For each tensor field Cg^ ' *" in the form 

pcontr{V^'^^^W,jki ■ ■ ■ ® ^^'^'^W^, j.k'v) 

we will associate a list of numbers, which we will call the character of Cg ^^ "^°' : 
We list out the factors Ti, . . .T^ ofCg'^'^'^'' and we define List{l) = (Li, . . . , Lo-) 
as follows: Li will stand for the number of free indices that belong to the factor 
Ti. We then define k[1) to stand for the decreasing rearrangement of ListiV]^^ 
With a slight abuse of notation, we will also consider the complete contractions 
in the index set in P{g) = "Ylii^L^LC^ig) o,nd define their character to be 
the character of the tensor field - ffi^i arises from Cg by replacing all the 
internal contractions by free indices. 

We can thus group up the different j-tensor fields indexed in according 
to their double characters: Let K stand for the set of all the different characters 
appearing among the tensor fields indexed in L^. We write = IJ-g^jLj.'"; 
here V^'^ C stands for the index set of j-tensor fields with a character k. 

We also introduce a partial ordering among characters according to lexico- 
graphic comparison: a character K2 is subsequent to ki if ki is lexicographically 
greater than K2- 

Notice that any two different characters are comparable, in the sense that 
one will be subsequent to the other. 

Now, we return to the derivation of Lemma 11.41 We will again proceed by 
induction. We break up L^. into subsets Lj" that index complete contractions 
C'(g) with the same character, There is a finite list of possible characters; 
we denote the set of characters of the complete contractions in hy K. 

If = there is nothing to prove. If 7^ 0, we pick out the maximal 
character limax G K. We will show the claim of Lemma 11.41 for the sublinear 
combination ^jg^j.Kmax aiC^{g). In other words, we will prove that there ex- 
ists a linear combination of partial contractions, ^^^h o-hC^'^{g), where each 
C^'^{g) is in the form p.3|) with weight — n + 1 and 6w = j, so that: 

aiC'ig) - div, J2 ahC^'^g) = ^ a„C"(g) (3.39) 

ZGLj'~'"»- heH vev 

where each C'"{g) is in the form (|1.2p with 5w > i + 1. Moreover, each C^{g) 
will have at least two internal contractions belonging to different factors. The 
above equation holds modulo complete contractions of length > cr + 1. 

^^Thus the character is ultimately a list of numbers. We can also refer to an abstract 
"character" /?, which does not necessarily need to correspond to a particular tensor field. We 
also note that two different tensor fields can have the same character. 

^^Recall that the character of a complete contraction C(g) (with factors V'^^W^jfej) was 
defined to be the character of the tensor field that formally arises from C{g) by making all 
internal contractions into free indices. 
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Clearly, if we can show that claim then Lemma 1 1.41 will follow by induction. 



Proof of i3. 39]) : We introduce some notational normalizations. We write 
out Kmax = (^1, ■ • • j^a), where if i < j then ki > Note that ki is the 

maximum number of internal contractions that can belong to a given factor 
among all complete contractions in . This follows by the definition of ordering 
among different refined double characters. By the hypothesis of Lemma 11.41 
we have that a > 2 (this reflects the fact that not all internal contractions 
can belong to the same factor). Now, let b be the largest number for which 
ka-b+i, ■ ■ ■ ,ka = kmin havc the same value. In other words, for each I G LJ'"™"^ 
there are b different factors V^^^W^jfe;, with kmin internal contractions each. 
For notational convenience, we will assume that the last h ■ kmin free indices in 
C'''^ ' *J (g) correspond to those internal contractions (i.e. they arise from those 
internal contractions when we make the internal contractions in (g) into free 
indices in C''*^ - *^ (g)). 

Now, we will say that a [j — l)-tensor field in the form 

pcontr(V(™i)l^yfei ^^"^'^Wvykn' ® V0) 

has double-character k^^j. if its j — 1 free indices are distributed among its 
factors according to the pattern: (k\, fc2, . . . , ka-i, kmin — 1) (in other words one 
factor Ti has fci free indices, the next factor T2 has k2 free indices etc) and the 
factor with ka — I free indices is also contracting against the factor V(j). As 
above, we will extend this definition to complete contractions in the form 

contr{V^"'^'>W,jki ® • ■ • ® ^'^"''^Wej'k'i' ® V0), 

with j ~ I internal contractions: We will say that such a complete contraction 
Cg{(t)) has a double-character ti'max if the tensor field Cg^ " '^^{4>) which arises 
from Cg {(j)) by making all the internal contractions into free indices has a double- 
character ti'^^^. 

We then examine the complete contractions in Image\j^ ^ ^[P(.g)|cr]; in par- 
ticular we seek to understand the sublincar combination with double character 
K,'max- Denote this sublinear combination by {Image^^ ^ +[Pi9)\o-]}K'^^-^- Using 
formulas (|3.8p . (|3.9p . (|3.10p we can straightforwardly descibe Image\j^ ^ j^[P{g)\a\- 

This sublinear combination arises exclusively from the sublinear combina- 
tion aiC^g) in P{g) via the following process: Consider each C\g), 
I e Lj.'"""^ and list out its a factors T[, . . .Tl\ for each factor we let 
Subst^'^\C\g)\ stand for the (linear combination of) complete contractions 
that arises from C^{g) by replacing Tj by one of the terms explicitly written 
out in the RHSs of jSH), ((3lO)Pl and then replacing all the other fac- 
tors Tl = V(™)iyyfe,, 5 = 1, . . . , a - 1, a + 1, . . . a, by either ^v('")%fez or 

^^Recall that each number kg stands for the number of internal contractions in some given 
factor in km ax- The second restriction reflects the fact that the list is taken in decreasing 
rearrangement 

(Which of the equations we use depends on how many internal contractions in involve 
internal indices). 
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'SI^^'^Rijki (depending on whether has an internal contraction involving an 
internal index or not). Then, just by virtue of the formulas p.Sp . (|3.9p . (|3.10p 
and the first two formulas in the subsection 5.1 in [5], we calculate: 



l^j^j-i^max a—1 negligible 

(3.40) 

where J^negiigibie^ai'^'f') stands for a generic linear combination of complete 
contractions in the form contr{\/^"^^ Rijki (8> • • • ® V'^'^"'^ Ri' j'k'v ® V0) with j — 1 
internal contractions in total and with the factor V0 contracting against the 
index j in a factor T — V^"^''Rijki for which the index i is internally contracting 
in T. 

Note: Notice that in the first linear combination in the RHS there can be at 
most ki internal contractions in any of the factors in any Cg(V(/)). 

Given (j3.40p we are able to explicitly write out the sublinear combination 
{Image^^^^^^[P{g)\cr]}i:t>^^^ in Image\,^^^^^[P{g)\^] of terms with a double char- 



{Image\,^^,^4P{g)U]U>_ = ^ E {Const)ijC'^^\^f {g)V.,^ 

negligible 

(3.41) 

Here C'^''*-'' (g) stands for the vector field that arises from C{g) by formally re- 
placing all factors V^^^W^^fc; by V'-'^^Rijki and then making the internal 
contraction into a free index . 

Although the full description of the exact form of {Image]^^ ^ 
is rather messy, all that is really important here is to note that by applying the 
operation Weylify (see subsection 5.1 in [3]) to this sublinear combination, one 
can recover the sublinear combination '^^^j^j,fima.x aiC\g) in P{g): 

Let us define a formal opeartion Op which acts on the complete contractions 
above by replacing all internal contractions by factors Vw, setting (j) — v and 
then acting on the resulting complete contractions by the operation Weylify. 
It follows from the discussion above (|3.40p . p.4ip and the definition of the 
operation Weylify in [3j that: 



Op[{/ma5e^^,,^+[P(5)U]}«;_] - E ar[&-(fc™n-((n-2)-4 f ™"j)]C'(g). 

(3.42) 
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Two notes are in order: Firstly that the coefficient [b ■ {kmin ■ ((" — 2) — 4('^'^'''))] 
is universal, i.e. it depends only on the character Kmax (thus it can be factored 
out in the RHS of (|3.42p ). and secondly that it is non-zero: This follows from 
the simple observation that 6 > 1 by definition and I < f — 3, since the complete 
contractions C''{g) have weight —n and involve factors V'-'^-'Wij^i and cr > 3. 

We now consider the linear combination V ,,,0 auC]i{6). We denote 

by y^„crro fltiCn the sublinear combination that consists of complete 

contractions with = j — 1. 

Now, let us also denote by yl = fci, where ki is the first number on the 
list (ki, . . . ,ka) for Kmax abovc. We will pay special attention to the complete 
contractions in yi„crro auCiiS) which have a factor V^'^^Riiki with A 

internal contractions. We denote the index set of those complete contractions 
by SUl^^s=j^, c U°A4>,s=,-i- 

We claim that there is a linear combination of vector fields C^''^{g)A4> (in 
the form ([X^ without factors V'^P^Ric and with V^'^V = A0), so that: 



(3.43) 



where X^uec/" o,uCg • Ai/) stands for a generic linear combination of complete 

contractions in the form ()3.29|) with V^'^V — '^4> and with Sji — j. 
We prove p.43p after showing that it implies Lemma \TM 

fj'.^gp implies Lemma^L^ Plugging (|3.43p into (|3.38p . we may assume that 
no complete contractions Cg ■ A0 in (|3.38p with Sr — j ~ I have a factor 
V'^'^^Rijki with A internal contractions. In other words p.38| ^ can now be 
rewritten in the form: 



J E E {Const)ij&^^^^f{g)\/,,+ E ^ai^^y 

^'^ l^j^j^i^max f—(T — b-kjnin-\^^ negligible 

E azC'-' (5)V,^> + E '^hC^i^4>) + E ■ ^'^+ 



E "nC^" • A0 + E axC^ i<f^)dVg - 0. 

(3.44) 



Here each compete contraction indexed in L^'" has j — 1 internal contractions and 
a factor V(/), but its double character is not ii'max- The complete contractions 



'See also the notational convention introduced in 113.411 1 
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indexed in H are in the form (|3.29p with Sr > j and no factors V^^^ Ric. The 
complete contractions in C/^^ ^j^^ have a factor At/) and S > j, while the ones 

indexed in [7^0 s=j-i have S = j — 1 but also have no factor V^^^-^Riju with A 
internal contractions. 

Integrating by parts with respect to the factor A(/) in the second line of (|3.44p 
we derive: 



l^j^yi^max f—a — b-kmiji-i-l negligible 

^ a„V'[Cg"] • V,(/. + ^ a,Cg^((/.)rfT/<, = 0. 

(3.45) 

(Note that the above equation has been derived independently of p.43p ). 

We denote the integrand of the above by Afg(0). We apply the "main con- 
clusion" of the super divergence formula to the above integral equation (see sub- 
section 2.2 in [3]) and we pick out the sublinear combination supdiv+[Mg{(j})] 
of terms with length tr -I- 1, a factor Vi/) and no internal contractions. Since 
the super divergence formula holds formally we derive that supdiv^ [Mg (0)] — 
modulo a linear combination of terms of length > a + 2. Thus we derive an 
equation: 



J2 Xdiv,, . . .Xdm^_,Cl'-'^-'{\/(l)) + J2 CLlXdiv^,...Xd^V^^^, 

negligible /GL^'^ 

&''\''-'^{g)V^^cj)+ J2 ahXdm,...Xdm^^Cg'''-'''^{V^) 

heH 

J2 auXd^v^,...Xd^v^^_,S7'[C^'''■■■''-']■V^(|) 
- auXdiv,,...Xdiv,^^y'[C^Y'-'-^ ■y,(f> = 0; 

(3.46) 

(the linear combination '^negligible ^divi^ . . . Xdivi-_^Cl^"'^'^^ {Vcf)) just arises 
from the linear combination of complete contractions '^negligible ^ gi"^ 4>) by 
making all the internal contractions into free indices and then taking Xdiv 
of the resulting free indices). 
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We now apply Corollary [T] to the above; we pick out the sublinear combina- 
tion of (j — l)-tensor fields with A factors Vu contracting against some factor 
V^'^^Rijki (this sublinear combination vanishes separately). We then pick out 
the sublinear combination of complete contractions with the property that the 
factors Vf are contracting according to the following pattern: ki factors Vu 
must contract against one factor Ti; ^2 factors Vf must contract against some 
other factor T2; fcs factors Vi; must contract against a third factor T3; . . . ; 
/ca — 1 factors Vw must contract against an a*'' factor Ta and, in this last case 
the factor V(/> must also contract against this factor T^I^ Observe that the 
sublinear combination of those terms must vanish separately, since the equation 
to which this sublinear combination belongs holds formally. We thus obtain a 
new true equation which is in the form: 

Y Q-"-^(V0)V,,u...V,^._,z; (3.47) 

negligible 

h<£H 

(all tensor fields indexed in H are acceptable). 

Then, setting v — JF^ and then applying the operation Weylify (see sub- 
section 5.1 in |3j and also (|3.42p ). we derive that Lemma [L4l follows from (|3.43p . 
□ 

Proof of (343\ ): We again refer to ((05l) R (denote the integrand by Mg{(j))) 
and apply the super divergence formula to this equation; denote the resulting 
local equation by supdiv[Mg{(l))] = 0. We pick out the sublinear combination 
supdiv[Mg{(j>)]^ of terms of length a + 1 with a factor Vcj) and with no internal 
contractions. This sublinear combination must vanish separately and we thus 
derive an equation: 



^''Recall that the double-character i^'max defined to be the character 

(fcl, . ..,k2,k3,... ,ka-l,ka - 1). 

Notice that this operation will kill the sublinear combination "^negligible ■ ■ ■ ■ 
^^Recall the note after that equation, which shows that it has been derived independently 



of llXia . 
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J2 aiXdiv,, . ..Xdiv,^_,C'\''-'^{g)V,^q 



J2 auXdiv,, . ..Xdiv,^_,V'[C^g'''-'^-'] ■ V,(/. ^^-^^^ 

here the terms indexed in are in the form p. lip , have rank j — 1 and also 
have at most A — \ free indices belonging to the factor against which V0 con- 
tracts; they have arisen from the complete contractions in Image^^ ^ + [P{9)\a-] 

in p.38p . The tensor fields C^]'^ ' *"'i , arise from the complete con- 

tractions Cg{(t>), C'^ig) in p.38p by replacing each internal contraction by a free 
index. 

We denote hy H^, C H the index set of tensor fields in the above equation 
where the factor V(j> is contracting against an internal index. We also denote 
by C the index set of (j — l)-tensor fields for which the factor V(/) 

is contracting agianst an internal index in some factor V(")i?a6cdl!l Now, by 
applying Lemma l3.1l to the above equation, we derive that we can write: 



Y aiXdiv,, . ..Xdiv,^_,&\'^-'^{g)V^^ct) 
+ Y ahXdivi,...Xdivi^^Cg-''-"''^{V<l>) = 

heH, 

Y aiXdiv,, . ..Xdiv,^_,C'\''-'^{g)V,^ct> 
+ Y ahXdiv,,...Xdiv,^^Cg'''"''^''(y<l)), 

heHi 



(3.49) 



where the terms indexed in the RHS stand for a generic linear combination 
of tensor fields in the form (|3.1ip . each with rank j — 1 and with the factor Vcjj 
contracting against a derivative index and at most A — 1 free indices in any 
given factor; ij' indexes a generic linear combination of tensor fields in the 
form p. lip , each with rank > j — 1 and with the factor V</) contracting against 
a derivative index. Therefore, replacing the above into (|3.48p we derive a new 
equation in the form: 



^•^ Recall that for each of these last tensor fields there can be at most A — I free indices in 
any given factor. 
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ahXdiv,,...Xdiv,^^cY'-"'^{V(l>)- 



heHi 



Y auXdivi^ . ..Xdivi^^V^lC^Y^-^"'^ . Vi(/) = 0, 

where the hnear combinations indexed in and are generic hnear com- 
binations of the forms described in the above paragraph. 

Now, for each u e S'C/X^.a^j-i: we denote by Vij[C"'*i-*^-i (g)]Vi(/) the 
subhnear combination in v«[C'«^«i- -«j-i [g)]'Vi4> where is forced to hit a factor 
with A free indices^ Now, we break up the index set SU^^ s=j-i ^^^^ subsets 

^^A^ 5=j-i ^^^^ index tensor fields with the same characterlf^ We denote by 
K the index set of those subsets. We claim that for every k € K there is a linear 
combination of (j + l)-vector fields J2hGHi^' a/iC*^' '*^+^ {g)^ii4> with a character 
K (also recall that V0 is contracting against a derivative index) so that: 

Y a«Vi,[C"'^-*^- (5)]V,0V,,w . . . V^^v 

-Xdiv,^^, Y ahC''-'^+'{g)\/,,(j)^,,v . . .\/,^v = 0. 

Let us check how p.5ip implies p.45p : 

We observe that for each k £ K, there is a nonzero combinatorial constant 
(Const) so that for any u G SU^^ g^j_^: 



Erasey^iVUC^'^'-''-' (5)]V.0} = {Const)^C^'''-'^-' (g). (3.52) 

(In fact [Const)f! just stands for the number of factors in k that have A free 
indices). To see this clearly observe that if k = (si, . . . Sa) (where Si > s^+i and 
si = A) that means that each tensor field - ((^) will have a factor Fi 

with si = A free indices, a second factor F2 with S2 free indices, . . . , and an 
a*^ factor Fa with Sa free indices. Then i{ A = si — S2 — ■ ■ ■ Sc and s^+i < 
A, V@[C"'*i -'^"i (g)] stands for the sublinear combintaion in V'[C"'*i- -*^"i (5)] 
where V* is forced to hit one of the factors Fi, . . . ,Fc. 



^■^Recall that SU^^ 4=j-i ^ ^A<p S=j~i exactly the index set of {j — l)-tcnsor fields 
which have at least one such factor. 

''^In other words with the same pattern of distribution of free indices among the different 
factors in C"'^i---^i-i (g). 
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Now, applying the operation Erase^ (see the Appendix in [3]) to the above 
and then making the factors Vw into internal contractions and finally multiply- 
ing by A(/), we derive (|3.43p . 

Proof of i3.51\) : We apply Proposition [311] to (|3.50p . deriving that there is a 
linear combination of tensor fields of type Al, X^teT atC*'^'^ '*J"^''^*J+^ {g)Vi^(j), 
(this means that the factors V0 is contracting against a derivative index in some 
factor V^"''>R,jki) so that: 



(3.53) 



■ij-i ' 



Now, in the above equations we pick out the sublinear combination of terms 
where the factor V0 and the factors Vv are contracting according to the fol- 
lowing pattern: The factor V(/> must contract against a factor Fi which is also 
contracting against another A factors Vv. A second factor F2 contracts against 
S2 factors Vv, . . . and an a*^ factor Fa contracts against Sa factors Vu. This 
sublinear combination must vanish separately since hS. 5S\) holds formally. Thus 
we derive p.5ip . 

We have proven p.43p . □ 

Proof of Lemma I3.2t 

We prove (I3.34p and (|3.35p . We will start with (|3.34p . and we will first prove 
this equation under a simplifying assumption; our simplifying assumption is that 
no complete contraction in X^mfc/" I (^uC^{<i)) has a factor R of the scalar 
curvature. After we complete this proof under the simplifying assumption, we 
will explain how the general case can be derived by fitting the argument below 
to a new downward induction on the maximum number of factors R of the scalar 
curvature, precisely as in subsection 5.4 in [3]. 

Proof of i3.34\j under the simplifying assumption: Denote by Cg{(j), fl") the 
complete contraction that arises from each Cg{(t)), u G [/", by formally replacing 
the a factors \/^P'>Ric by factors V'^P+^^fl. Thus, C^(<?!)), u e U^^,u& U^^ will 
be in one of the forms: 



contr(V"-'^'V('"^)i?,,H®...V''-^"V(™=)i?,-yfc-z- 
^ yai-y™ v(Pi+2)rj ® . . . V^i-^°V(P°+2'17 ® V0), 
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For brevity, we write out: 



(3.55) 



J2 a„C;'(0,f^") = E°«^s("")^'^' (3.56) 

where each C|(ri")A0 is in the form p.55p with length <t and (5/? + (5o + a < j. 
We denote by C|'*^- -'° (fi") the tensor field that arises from each C|(ri") by 
making all the internal contractions into free indices. 

Applying the "main conclusion" of the super divergence formula (see [3] ) to 
Jj^[Yg{(f>)dVg = 0, and picking out the sublinear combination of length a + 1 
witha factor V(/), we obtain a local equation in the form: 



+ ahXdm,...Xdm,Cl;-'''-''in'',(j)) = 0, 



modulo complete contractions of length > cr + 2l£l All the tensor fields above 
are acceptable without internal contractions. Moreover, each b > j — 1 (and 
6 > j — 1 if we are additionnaly have U^^ ^-1=0) while each a < j — 1. 

We pick out the minimum rank a appearing above (we have denoted it by 
Smim where Smin < i — 1, or Smin = j ~ 1 undcr the additionnal assumption that 
^V(t> j-i ~ ^'^'^ denote by Q^™'" c Q the corresponding index set. We will 
show that there is a linear combination of acceptable [Smin + l)-tensor fields, 

Y.h^H(^hC';''"- "'--^\n^) so that: 



(3.58) 

heH 

modulo complete contractions of length > (t + 1. Let us assume we have proven 
this; we will then show how to derive (|3.34p . 

Proof that \3. 5^) implies I3.34\l '- We define an operation Op that replaces 
each factor V'-P+^^fi by a factor Sl'^^^'Ric and replaces each factor Vu by an 
internal contraction and finally multiplies the contraction we obtain by (no- 
tice that the operation Op is almost exactly the same as the operation Riccify, 



^^Recall that Xdivi[. . .] in this context stands for the subUnear combination in divi[. . . 
where the derivative V is not allowed to hit V(/<, nor the factor to which the free index 
belongs. 
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defined in the appendix of [5])- Applying Op to p.58p and using the fact that 
(|3.58p holds formally, we derive (|3.34[) (the proof of this fact is precisely the 
same as the operation "Riccify" in subsection 5.1 in 3J). 

Proof of i3. 58]) : Now, in order to derive (|3.58p from (I3.57p . we will distinguish 
two subcases: Either a — a or a < a. 

We start with the second case. We pick out the sublinear combination in 
'l2hGH ■ • ■ ill (|3.57p where the factor V(/) is contracting against a factor V'-'^^Rijki 
(the condition a < a guarantees that there is such a factor). We denote by 

C H the index set of that sublinear combination. Wc also denote by 

v:[q'^-*»(r!")]v,0 

the sublinear combination in 

v'[q''^-'»(f}")]v,0 

where V* is only allowed to hit factors V^™^i?yfci. 
Since p.57p holds formally, we derive that: 



""'^ (3.59) 
+ ahXdm,...Xdm,C^''^-"'{n°',(t)) = 0. 

We then denote by hI C H^, the index set of those tensor fields for which 
the factor V0 is contracting against an internal index of the factor V'™'i?yfci. 
By applying the second claim in Lemma [37T] we deduce as before that we can 
write: 



J2 ahXdiv,,...Xdiv,,C''/^-''{VL'',cj)) 

(3.60) 

Y ahXdiv,, . . . Xdiv,,C^/'-'' {^"^ ,i 



where each tensor field on the right hand side has b>j — l{b>j under 
the additonnal auumption that C^y^j-i ~ ^) ^^'^ factor V(f> is contracting 
against the derivative index of some factor V^^^i^ijfe;. Substituting the above 
in (|3.59p and applying Proposition 13.11 along with the operation E'rasey^, we 
derive ([338| . 

Now, the case a — (j: We recall equation p.57p where we polarize the 
function 17 into obtaining a new true equation. We denote the 

corresponding tensor fields by C«''i -'»(f7i, . . . , rj^, </)), C^'*i- '^ (f^i, . . . , rj^, 0). 
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We denote by iJ* (Z H the index set of those tensor fields for which V</) is 
contracting against the factor V^^^fii. We also denote by the sublinear 
combination in V where V* is only allowed to hit the factor V'^'ili. 
Thus, we derive that: 



(3.61) 

heH, 

We denote by i?| C H^, the index set of those tensor fields for which the 
factor is contracting against a factor V'^^-'ili (with exactly two derivatives). 
Then, by applying Lemma 4.6 in 00 we can derive: 



J2 ahXdiv,, .. .xdiv,,c!;'''-'' in'' ,cj)) 
Y ahXdm,...Xdm,C^^''-''{n^,< 



heH,, 

where each tensor field on the right hand side has b > j — 1 and the factor Wcj) 
is contracting against a factor V'-'^-'il with A > 30 Substituting the above in 
(|3.59p and applying the operation Erasc'^^ from the Appendix in [5] , we notice 
that all resulting complete contractions are acceptable (in particular they have 
each factor V'-^^'-'ils having as > 2); thus we derive our claim (I3.34p . 

Proof of i3.35\) under the simplifying assumption: 

The proof of this claim will be slightly more involved in the case where 
Smi7i = j ^ 1- We first prove (|3.35p in the case 6min > j — 1: 

The case Smin > j — 1: For each u 6 C^a<^' denote by Cg'^^{(j)) the 
complete contraction that arises from Cg{(j)) by replacing A(p by Vi-^cj). We 
observe that we can write: 

Y a^C^g{cj>)-div,,C:/Hct>)^ Y ^^^M) 

where the linear combination on the RHS stands for a generic linear combination 
of complete contractions with a factor Vcf), a factors S/^P'^Ric and S > j — 1. 



^'^ As noted in j6j, that Lemma is a consequence of the "fundamental Proposition". There 
is no logical dependence of that Lemma on any of the work in this paper or in [S] E] • 

^*We only need to check that the hypotheses of this Lemma are satisfied in the case where 
the minimum rank bmin appearing among the tensor fields in hI is 6min = li and in addition 
there are tensor fields indexed in hI with rank 1 and the one free index belonging to an 
expression V^^^f2iV'(/). In that case we see that the extra assumption needed for Lemma 4.6 
is fulfilled by virtue of a weight restriction-this follows since j > 2 and all internal contractions 
in P(g) \ , j involve only derivative indices. 
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In view of this equation, it suffices to show (|3.35p under the additional as- 
sumption that U^ ^ — . 

Now, to show (j3.35p under this extra assumption we consider the equation 
Im ^gi'f')'^^g — (in the assumption of Lemma [321) ■ We apply the "main con- 
clusion" of the super divergence formula (see [3] ) and we pick out the sublinear 
combination of terms with length a + 1 and a factor V(f>, thus deriving a new 
local equation: 



auXdivi^ ... Xdwi^^^.^Cg (0, f2")-|- 

(3.63) 

Then l|3.35p follows by applying Corollary [1] to (|3.63p l^ we derive that there is 
a linear combination of (/3-t- l)-vector fields (indexed in C/y^ s=6^i^+i below) so 
that: 



(3.64) 



a^Xdm,^^^^,Cg'''-''-"^' (0, r!")V,,u . . . V,,_ v = 0. 



By applying the operation Riccify to the above (see subsection 5.1 in [3]) we 
derive our claim, in the case Smm > j ^ 1- 

Now, the case Smin = j ^ 1: Wc introduce some notational conventions. We 
break up the linear combination X]tie;7° ■ • ■ i^to two pieces (by dividing 

the index set into two subsets): We will say that u G t/^^^ -^ if the 

complete contraction Cg{(j)) has the property that all a factors \7^P^Ric have at 

least one internal contractionl^ we define j-i — j-i \ ^a!/ j-i- 
By applying the second Bianchi identity we derive that we can write: 



Y a^C-{^)^ Yl ««^^."(^)+ E ««^."(^)' (3.65) 

where the complete contractions indexed in U'^^^ have all the generic prop- 
erties of the complete contractions indexed in U^j^ and have the feature that 



Since S^in > J — 1 > 1 wc do not have to worry about the extra restrictions in that 
corollary when a = 1. 

^''Not counting the one in Ric^i, = W aib itself. 
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the two indices a, b in every factor V^P^Ricab contract against each other0 the 
Hnear combination X^ugy""^ o,.uCg{(j)) stands for a generic Unear combination 
as allowed in the RHS of dSSS]). 

In view of the above, we may assume with no loss of generality that all the a 
factors V^P'^RiCab in every Cg{4>),u £ C^aI/ j-i have the indices a,b contracting 

against each other. Now, for each u G C^a^ we denote by C^'*^ {4>) the vector 
field that arises from Cg {(f)) by replacing K(f) by V^^ (j). We observe that we can 
write: 

^ auC'^{<P)-div,,C'^''-{^)^ J2 auC^W, (3.66) 



where the linear combination on the RHS stands for a generic linear combination 
of complete contractions with a factor V0, a factors V'^P^Ric and 5 = j — 1 and 
with the feature that all the a factors V'^'''^ RiCab have the indices a, b contracting 
against each other. Thus, by virtue of (|3.65p . (|3.66p we may assume with no 

loss of generality that C^A^j-i — ^■ 

Now, we again consider the "main conclusion" of the super divergence for- 
mula apphed to the integral equation Jj^„ Yg{(j))dVg = (see the statement of 
Lemma I3.2p and we pick out the sublinear combination of terms with length 
(T + 1 and a factor V(/), thus deriving a new local equation: 



J2 auXdtv,,...Xdiv,^_,Cg'''-'^{cl,,n'') 

+ J2 auXdiv,, . ..Xdiv,^_,Cl''-'''{4>,^") (3 
ueu' 

+ a^Xdm,...Xdm,C^'''-''i(l),n") ^0, 



where the tensor fields indexed in U' have rank j — 1 but at least one of the a 
factors V^^^ri does not contain a free index The terms in C^v0(5>j-i have 
rank > j — 1. 

Now, we apply Corollary [1] to (|3.67p and pick out the sublinear combination 
of terms where all factors V'^^-'fi contract against at least one factor Vu; this 
sublinear combination must vanish separately, thus we derive a new equation: 



(3.68) 

ahXdiv,^C''g''^-''{<P,n")V,,v . . .V,^_,v = 0, 



In other words that factor is of the form V'^'^i?, where _R stands for the scalar curvature 
These terms arise from the sublinear combination qu auC"(<6). 

A(^,j — 1 
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where the tensor fields indexed in H have each factor V^^-'fi contracting against 
at least one factor Vw. Now, recall that for each of the terms indexed in U^^ j_i 

in the above, the last index in each factor Vril..rp^^ is contracting against a 
factor Vi^ By just permuting indices we may assume that the same is true 
for each of the terms indexed in H. Then, since iS. 68]) holds formally we may 
assume that this last index in each of the factors V^^-'fi is not permuted in the 
formal permutations of indices by which (|3.68p is made formally true. Then, 
applying the operation Riccify to the above we derive that there is a vector 
field ^^g^, a/.Cg^^*(0) so that: 



(3.69) 

(in the notational conventions of p.35p ). Thus we are reduced to showing 

our claim in the case where t/v^ j-i ~ ^vl j-i ~ ^- claim then follows 

by appealing to (|3.34p . where we now have the additionnal assumption that 

Proof of Ili3.34\ ), Ii3.35\) without the simplifying assumption: 

Now, we explain how to prove p.34p . (|3.35p in the case where there are 
factors R among the contractions indexed in U^^[J (i.e. without the sim- 
plifying assumption). Let Me^ be the maximum number of factors R among 
the complete contractions indexed in C/y^ IJ U^^. 

We then reduce ourselves to the case where there are no such factors by 
a downward induction on Mej. If Mej < — 3 then we can prove p.34p . 
(j3.35p by just repeating the proof under the simplifying assumption, as in the 
proof of Lemmas 5.4, 5.5 when M < ct — 3 in [Sj: We prove the claims for the 
sublinear combinations in the LHS which have Mej factors R, allowing terms 
in the RHSs with Me^ — 1 factors R. The argument runs unobstructed when 
Me7 > 3, since (as in [3]) whenever we wish to invoke Corollary [1] or the first 
technical Proposition from [B], the equations to which we apply them have cr > 3. 

The case Me"f < 2: We reduce ourselves to the case Me7 > 3 by an explicit 
construction of divergences, followed by an application of the "main conclusion" 
of the super divergence formula: 

In the setting of equations (|3.34p . p.35p we denote by Ua4,,*,U^4,,* the 
index sets of complete contractions C"(g)A^, Cg (0) with at least cr — 2 factors 
R (hence for those complete contractions a can be cr, cr — 1 or cr — 2). We claim 
that there exist a vector fields as required in (|3.34p . (|3.35p . indexed in H,H' 
below, so that: 
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u,u.,„ ueH ^^^^^^ 



+ Y ('^) + E (<^); 

"6C'v^,5>j-i,- xeX 

Here the complete contractions C* , C" are explicit complete contractions in 
forms and respectively (their form depends on the value fo a). Moreover the 
complete contractions indexed in J7a0,-, C^V0,(5>j-i,- have at least j internal 
contractions and also strictly fewer than cr — 2 factors R, and a factor At/), V(/) 
respectively. 

Finally, we claim that there exists a vector field indexed in H" below as 
required in (I3.35P so that: 



- (Const),V*[C*(5)]V,;0 + {Const)iC^{<j)) - div, ^ a/iC^'X0) = 

V- V- 3.72 

with the same conventions as above in the RHS. 

Clearly, if we can show these three Lemmas we will have then reduced our- 
selves to showing Lemma 13.21 under the additional assumption that each con- 
traction with a factor V0 or A(j) can have at most ct — 3 factors R; this case has 
already been settled. 

Mini-Proof of 113.70^ , Ii3.71\ ): The divergences needed for these equations are 
constructed explicitly. The (simple) technique we use is explained in great detail 
in section 3 of 5J . Consider the two factors Ti , T2 which are not in the form R 
(of the scalar curvature). Consider any particular contractions between these 
two factors. If one of the indices is a derivative index, we explicitly subtract the 
divergence corresponding to that index. The correction terms we get are either 
allowed in the RHSs of our equations, or have increased the number of internal 
contractions!^ One can see that we can perform this explicit construction 
repeatedly to obtain the terms C*, C'* in the RHSs. 

Mini- Proof of |g. 72\ l: We perform the same explcicit construction as de- 
scribed above for the term — (Const)* V*[C*(g)]Vi0, to derive (|3.72p with an 



'''^We also apply the second Bianclii identity whenever necessary to create particular con- 
tractions as described above, whenever possible. 
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additional term [— 2(Consi)» + {Const)^]Cg{(f>) in the RHS. Then, substituting 
this into the integral equation Yg{(l))dVg = (see the assumption of Lemma 
13. 2p and applying the main conclusion of the super divergence formula, we derive 
that -2{Const)^ + (Const)^ = 0. □ 
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